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Coherence, quantum Fisher information, superradiance, and entanglement
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We demonstrate that quantum Fisher information and superradiance can be formulated as coherence measures in
accordance with the resource theory of coherence, thus establishing a direct link between metrological resources,
superradiance, and coherence. The arguments are generalized to show that coherence may be considered as the
underlying fundamental resource for any functional of state that is first of all faithful, and second, concave or
linear. It is also shown that quantum Fisher information and the superradiant quantity are in fact antithetical
resources in the sense that if coherence were directed to saturate one quantity, then it must come at the expense
of the other. Finally, a key result of the paper is to demonstrate that coherence, quantum Fisher information,
superradiant quantity, and entanglement are mutually interconvertible resources under incoherent operations.
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I. INTRODUCTION

The study of quantum resources has seen another revival of
interest over the last several years due to the recent identifica-
tion and characterization of a resource theory of coherence [1].
While the coherence of quantum systems has always, in some
form or another, been recognized as a fundamental aspect of
the field, the newly developed resource theory now provides a
framework that allows for a more quantitative understanding of
the subject. Since this development, coherence has now been
studied within the contexts of quantum correlations [2—4],
macroscopic quantumness [5,6], nonclassical light [7-9],
interferometric experiments [10], error correction [11],
quantum estimation [12], and quantum algorithms [13,14].
There are also several different variations of the theory [15],
such as a recent proposal for a resource theory of superposition
[16] which generalizes the concept of coherence. An extensive
overview of the subject can be found at [17].

An area that has also garnered considerable interest con-
cerns the convertibility of coherence into nonclassical corre-
lations such as entanglement [3,4,18,19]. Already, an experi-
mental conversion of coherence to quantum correlations and
vice versa has been recently reported [20]. Given that such
quantum correlations often find applications in a variety of
scenarios, the study of such interconversion processes allow
for greater flexibility when extracting practical advantages out
of nonclassical quantum resources.

In this paper, we further explore these ideas by demon-
strating how quantum Fisher information (QFI), superradiance,
entanglement, and coherence may be related to each other via
coherence. A key result of the paper is to demonstrate that
coherence, QFI, superradiant quantity, and entanglement are
in fact mutually interconvertible resources under incoherent
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operations. A central theme of these results is the optimal
application of noncoherence increasing operations, otherwise
called incoherent operations, on quantum states.

II. PRELIMINARIES

We first review some elementary concepts concerning
coherence measures. The notion of coherence that we will
employ in this paper will be the one identified in [1], where
a set of axioms is identified in order to specify a reasonable
measure of quantum coherence. The axioms are as follows.

For a given fixed basis {|i)}, the set of incoherent states Z is
the set of quantum states with diagonal density matrices with
respect to this basis. Incoherent completely positive and trace
preserving maps (ICPTP) are maps that map every incoherent
state to another incoherent state. Given this, we say that C is a
measure of quantum coherence if it satisfies following proper-
ties: (C1) C(p) = 0 for any quantum state p and equality holds
ifandonlyif p € Z.(C2a) The measure is non-increasing under
aICPTP map @, i.e.,C(p) = C(P(p)). (C2b) Monotonicity for
average coherence under selective outcomes of ICPTP: C(p) >
>, PaClpn), where p, = K,pK}/py and p, = Tr[K,pK ]
for all K, with Zn K,IK,L =1 and K,ZK,) € Z. (C3) Con-
vexity, i.e. AC(p) + (1 — A)C(0) = C(Ap + (1 — A)o), for any
density matrix p and o withO < A < 1.

One may check that a particular operation is incoherent if
each of its Kraus operators [21] always maps a diagonal density
matrix to another diagonal density matrix. One important
example of such an operation is the controlled-NOT(CNOT) gate.

III. COHERENCE AND QUANTUM FISHER
INFORMATION

We now consider a standard metrological scenario. One
first begins with the signal Hamiltonian, which is denoted
0 Hg. The signal Hamiltonian encodes a signal on a probe
state, which is a specially prepared quantum state p of N
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particles, or more if one were to include any possible ancillary
quantum particles. The Hamiltonian generates the dynamics
p(t) = e M9 peiHsO and after some time ¢ = T, a measure-
ment is then performed on the state p(r), the outcome of
which is specifically designed in order to obtain the most
precise estimate of the value of 8. The optimal sensitivity is
known to be given by the quantum Cramér-Rao bound [22]
80 > W where v is the number of measurements
performed and F(p(t),Hs) is the QFI of a state with respect
to Hg, given by

A

A —
ooty =23 S
ij ! 7

(i | Hs|j) I,

where A; and |i) are eigenvalues and eigenstates of p(7),
respectively. We are primarily interested in the sensitivity of
the state p locally at the point # = 0, so F(p,Hg) will be the
figure of merit we will consider.

A class of Hamiltonians of particular interest is the class
of local Hamiltonians. These Hamiltonians are a sum of N
independent Hamiltonians acting on individual particles, i.e., a
Hamiltonian of the form Hs = "~ | h® where h represents
anontrivial interaction acting only on the ith particle that is not
proportional to the identity. We will also assume that 2 does
not depend on the number N. An example of a Hamiltonian of
this type is a uniform magnetic field in the z direction acting on
a collection of N spins, where in this case 1) o 0", and 0"
are the Pauli z operators acting on the i th particle. As coherence
is a basis dependent concept, we will adopt the basis which is
naturally defined by the eigenvectors of 4. This defines a set
of local bases {|a‘)} for the ith particle where a) =1, ... ,d,
and d is the dimension of the ith particle. Consequently, we
will consider the coherence with respect to this set of local
bases. Local bases were also previously studied in [2], which
noted their connection with quantum correlations.

For any signal Hamiltonian of the form Hy = ZlN=1 h®, and
a pure state probe |1), let us consider the maximal QFI reach-
able via all possible incoherent operations ® € ICPTP on |¢/),
ie., ¢£II1§13(TP F(®(|¥){(¥]), Hs). The incoherent operation here

is completely general, with no constraints otherwise. Here, we
note that there is an important differentiation between N, which
captures the number of particles Hy is interacting with, and the
actual physical number of particles, which can be any arbitrary
number so long as it is reachable via an incoherent operation.

In fact, for any coherent pure state, we can always achieve
Heisenberg scaling via a suitable incoherent operation, as
demonstrated by the following Lemma.

Lemma 1. For every coherent pure state ) and locally
interacting Hamiltonian Hy, there always exists an incoherent
operation @ that achieves F(®(|v)(¥|),Hs) > O that scales
with O(N?). The measurement that achieves this Heisenberg
limited scaling can also be performed incoherently.

Proof. Let us first consider Hg = Zj.v:l h), For each h'/),

let|i I(n’}x) and |lfn]1)n> be eigenvectors that correspond to eigenvec-
tors for the maximum and minimum eigenvalues Ayq (A) and
Xmin(hY?), respectively. In this two-dimensional subspace, let

us define the Pauli operator o/ := |ifix) (i) | 4 1)) (iaxl.

Let |[y) =), VAili), where |i) are eigenstates of Hg
which construct the incoherent basis. Without any loss in

generality, we assume that the coefficients are positive real and
M2 . We will also assume that |i = 1) = |z§r};x) and
i =2) = |zmm) since this is just arelabeling of the basis which
can be done using an incoherent unitary. The “extra” particles
may be considered ancillary particles that assist during the
metrological process.

We now apply an incoherent CNOT- type operation that
performs the map U : |[¢) — ), V/Aili ...i) and then let the
state evolve according to the Hamlltoman HS. Let us now
consider only the first two terms of U|yr), which under Hg
evolves as

VAl ) +V)2...2)
— VML) + Vet 2.2)

up to an overall phase factor. We have ¢ = Z;V:l ¢; where

¢j = Amax(h(j)) - Amin(h(j))-
We will choose some basis on the Hilbert space space of N

particles {|a;)} fori = 1,2, ... such that |a;) = I(H 1+
|2...2)). Define the following POVM.
N
Mz := |7 (0),i) 1_[ (=) a:) a; ],
j=1
where ¢ := (¢, ...,cn), ¢; = 0,1, and 7(¢) = ]‘[?’:1(_1)6.;_

The quantum operation M is then defined as M(p) =
> @ Mei ,oM(Ta ;- This operation is incoherent and is effec-
tively an incoherent implementation of two measurements: a
projection onto the basis {|a;)} followed by a parity measure-
ment on the x axis. Suppose we perform the naive protocol
where if the measurement outcome is i = 1, we keep the parity
measurement outcome, and assign a value of zero otherwise.
Let us call this measurement M.

We can then verify using the error propagating formula that

AM? - VA t+VR)? 1
19 (M) P 2 ¢*

Finally, we observe that ¢; > ¢uin := min; ¢; and ¢ >
Nmin. Gmin depends only on {4V}, all of which do not
contain any dependence on N, and neither does the coefficient
(mﬁ;«/ﬁ)z

we have

, which depends only on the initial state. As such,

AM”? w +V)? 1 <1)
2 \ > ~ 0 2 |
|ar( >| 2 N ¢min N

This proves that for every pure coherent state, Heisenberg
limited scaling is reachable using only incoherent operations.ll

A natural consequence of Lemma 1 is that the trivial
coherence measure defined by C(p) =1 iff p is coherent
acquires a metrological interpretation. As this fact is not one of
the main themes of this article, a short discussion of this will
be deferred to the Appendix.

So far, we have only considered pure states and a single
metrological experiment. However, we can also consider the
case of general mixed states where M independent measure-
ments are performed.
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Definition 1 (Distributed coherence of QFI). The
distributed QFI for a pure state |) is defined to be

M
CHy)) = omax > F{Trpar (@) (v HS ),
i=l

where H;i) is the ith local Hamiltonian of the form H;i) =
Z;V:l KD and h®P are nontrivial. P(i) refers to the ith
partition of particles in the state ® (| ) (1|) which is partitioned
into M collections of particles that separately interact with the
Hamiltonians H @ The partial trace Tr p(;)- is to be interpreted
as tracing out every particle except the ones in P(i).

The generalization to mixed states is obtained via the convex
roof construction,

M . ; M
CH(p) = {pril.]l%} Zi:piCF (i),

where the minimization is over all pure state decompositions
of the form p = )", p;|¥i) (¥;]. (See [23] for another example
of such constructions.)

This definition corresponds to a scenario where a quantum
state ®(|yr) (¥ ]) is prepared via an incoherent operation, parti-
tioned into M separate subsystems, and then distributed to M
different parties each performing an independent metrological
experiment. Equivalently, it can also be interpreted as a single
party scenario where M independent metrological experiments
are performed.

It turns out that C is a valid coherence measure for every
M and H ;’).

Theorem 1. C }4 is a coherence measure.

Proof. We observe that if p is incoherent, then it is diagonal
with respect to Y, HY, and F(p,H{’) = 0. Resorting to any
incoherent operation @ will not improve the situation as it
always maps a diagonal state to another diagonal state so we
must have have C }4 (p) = 0. Lemma 1 then demonstrates that
if p is coherent, then C’FM (p) > 0 since p has to have at least
one pure state in its pure state decomposition that is coherent.
This proves that p is incoherent iff CQ/I(P) = 0, so the measure
is faithful.

Convexity is implied by the convex roof construction.
Therefore, we only need to prove strong monotonicity.

To prove monotonicity, we only need to establish that the
measure is strongly monotonic over pure states (a short proof
of this fact is presented in the Appendix). We see that this is
true from the following chain of inequalities.

> piCH () (1)
=Y piCH(Kil¥)//Pi) ©)

M
- ZP @, eICPTP;

f{Trp<k)<-[<1>,-<Ki|w><w|K,T/pi)],H§")} 3)

M
= o By 271 L FTrear

[ (Ki [Y) (WK /p) @ i) G1LHS @ li)(il) (4
M

= max

FTrpaoye
®; eICPTP P&y

k=1

[Z O (K; [y) (W 1K) ® |i><i|},
YuP e |i><i|} (5)

M

< max, > FiTerw (@) DLES) ©)
= Cr' (p). o

where the inequality in Line 6 comes from the observation that
the optimization in Line 5 is a special case of the optimization
over ® in Line 7. |

Note that it is possible to generalize the result to arbitrary
signal Hamiltonians rather than the local Hamiltonians which
is the focus of this article. To see this, simply set N = 1 so
Hg = h'"V where AV is in principle any arbitrary nontrivial
Hamiltonian. Nonetheless, the case of local Hamiltonians is
interesting due to its connections with multipartite quantum
correlations.

We also note that Theorem 1 applies for every Hg and M.
In particular, for the case M =1, C}p(p) is just the standard
Fisher information, optimized over all incoherent operations
performed on the state p. However, a closer inspection will
reveal that for small M, the measure will saturate for relatively
slow levels of coherence. We already see this from the fact
that for M = 1 a maximally coherent qubit can already be
converted to a GHZ state via a series of CNOT operations, which
is sufficient to saturate the QFI and C}. for Hg = )", o{. As
such, depending on the system being considered, larger values
of M may lead to better coherence measures.

IV. COHERENCE AND SUPPERRADIANCE

In this section, we demonstrate that the effect chiefly
responsible for the supperradiant phenomena can also be
attributed to coherence.

We make some necessary definitions. Consider a system
consisting of N subsystems with an excited and a ground state
denoted |e) and |g), respectively. We note that this does not
necessarily imply that the state is composed of N two-level
systems, only that the optical transition between these two
states out of a possible d levels for each of the N subsystems are
addressed. This optical transition corresponds to wavelength
A. We define the raising and lowering operators acting on
the ith subsystem as D := [¢®)(g®| and D := |g®) (],
respectively.

In standard florescence, it is assumed that each of these
two-level systems interacts independently with the radiation
field, during which the total rate of photon emission is simply
the sum Y, W o 3°,(DY D). This implies the emission
rate at most scales with N, which is intuitively the maximum
possible number of excited states at any moment.
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In the superradiant regime, it is assumed that the linear
dimension of the N systems is small with respect to A, so there
is a collective, coherent interaction with the radiation field.
In this case, the N systems collectively behave like a single
dipole, in which case the emission rate is [24]

J

i i i#)
We see that the second to last term ) _, (DS?D@) is the sum

of single system emissions. The last term ), #(Dﬂﬁ) D(f)) is
due to the collective behavior of the subsystems and the source
of supperradiant phenomena, which can potentially scale with
NZ2. We will refer to this as the superradiant quantity.

In a similar vein as the case for QFI, we consider the
following quantity:

N
. i) (/)
Cs(y)) = max > Tr[@(y)(y DYDY,
i#]

which is essentially the maximal superradiant quantity that
is achievable via an incoherent operation for the pure state
|v7). Here, the incoherent basis is specified by the excited and
ground states for each subsystem. In this case, the quantity
N refers to the number of transitions being addressed. We
generalize this to an arbitrary mixed state by applying the
convex roof construction as before.

Definition 2 (Coherence of superradiance). The coherence
of superradiance is defined as

Cs(p) = min Z piCs(1¥)).

The minimization is over all pure state decompositions of the
state p = 3 ; pi|[¥i ) (¥l

Interestingly, it turns out that this, too, is a valid coherence
measure.

Theorem 2. The superradiant coherence Cgs(p) is a valid
coherence measure for every N > 2.

Proof. We first note that convexity is guaranteed by the con-
vex roof construction, so we just need to prove the faithfulness
property and the strong monotonicity property for Cs to be a
valid coherence measure.

To prove faithfulness, it is sufficient to demonstrate that it
is valid for pure states. It is easy to verify that if some state |r)
is incoherent, then Tr[|1ﬁ)(1p|D$)D(_J)] =0 for every i # j.
Resorting to an incoherent operation will not help, since that
will only lead to a mixture of incoherent pure states, and since
the superradiant quantity is a linear functional, this implies that
Cs(p) = 0 when p is incoherent.

In order to prove that Cs(p) > 0 when p is coherent, again,
we only need to prove that it is true for pure states due to
the convex roof construction. Suppose |Y) is some coherent
state. Then we are guaranteed that [{) = ao|0) + a;|1) +---.
Without any loss in generality, we will assume that ay > a; >
0 and that |0) and |1) correspond to the ground and excited
states, respectively. We note here that all the coefficients may
be made positive via an incoherent unitary operation. We then
perform the following incoherent transformation of state.

Ul¥)10) = aol0)[1) + a1 [1)]0) + - - -,

where U is an incoherent unitary operation. We can then
directly verify that Tr[|1//)(w|D$)D(_2)] = apa; > 0 so there
always exists one incoherent operation that achieves nonzero
superradiant quantity for any coherent state |1). This implies
that Cs(p) > 0 when p is coherent, which demonstrates that
Cs(p) = 0 iff p is incoherent, and proves the faithfulness
property.

We now prove strong monotonicity. Here, we also only need
to prove it for pure states and the convex roof construction im-
pliesitis also true in general (see Appendix). Let the incoherent
operation ® be the operation with corresponding Kraus oper-
ators K; such that ®(p) =", Ki,oK;. We note that the map
Q(p) =, Qi(KipK j ) is also a valid incoherent operation as
long as €; is also incoherent for every i. Let us assume that €2;
is the optimal incoherent operation that achieves the maximal
superradiant quantity for [v;) = L K;|v). We then

NWIK K|y

have the following chain of inequalities:

N
Cs(l¥) = q)ggl;«w§Tr[d>(|w><w|>0$>a“)]
i#]

> Y Te[Q(y) (y)DY DY)

M=

W

J

I
™=

> U K K[y I Te [ (v D DY DY)
k

¥
~

(WK Kl W) ICs (v,

Il
]

where the last line is simply the strong monotonicity condition
expressed for a pure state. This completes the proof. ]

Therefore, superradiant phenomena are also closely related
to coherence. In fact, the case of superradiance is suggestive of
amuch larger class of quantities where any quantum advantage
may be directly associated with coherence.

Theorem 3. Let f be some functional that maps a quantum
state to the nonnegative portion of the real line. Then if f(|y)),
or more generally Jmax FIO(¥))], is strictly greater than

zero iff |Y) is coherent, and f is concave or linear, then the
convex roof construction,

C = min max
#(p) {pi,1¥:)) ®;€ICPTP

> pi fI@i (Y],

L
is a valid coherence measure. The minimization is over all pure
state decompositions of the state p = Y, p;|¥:) (i l.

Proof. In order to prove that it is a valid measure, we
only need to demonstrate that the above quantity satisfies the
strong monotonicity condition for pure states. The faithfulness
condition is assumed and convexity comes about naturally due
the convex roof construction.

The proof of strong monotonicity is only lightly modified
for the proof of Theorem 2. Let the incoherent operation
® be the operation with corresponding Kraus operators K;
such that ®(p) =), K,-,oKi]L. We note that the map Q(p) =

> Qu(K; ,oKiT) is also a valid incoherent operation as long as
; is also incoherent for every i. Let us assume that €2; is the
optimal incoherent operation that achieves the maximal value
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of f for |y;) = \/ﬁl( i1¥). We then have the following

chain of inequalities:

Cr(y)) = max  fIP(1Y)(¥]

$eICPTP

Z fIQ¥) (Y]

= f[z |<w|K,IKk|w>|szk(|wk><wk|>}
k
> 3 WKL Kel ) £ 1909 (YD)
k

= D WK Kel)IC(1Y))-
k

The first inequality is due to the maximization over all
incoherent operations, of which  is simply one possible
candidate, and the second inequality is due to the concavity or
linearity of f. The last line is simply the expression of strong
monotonicity for a pure state. The generalization of strong
monotonicity to mixed states is then a natural consequence of
the convex roof construction (see Appendix). ]

V. EXAMPLES

We provide numerical examples comparing our coherence
measures C¥ and Cs with the relative entropy of coherence
Cr [1]. Cg is defined by Cr(p) = S(pdiag) — S(p) wWhere
S(p) = —Trplog p is the von Neumann entropy of a density
matrix o and pgia 18 the diagonal part of the density matrix p.
While C¥ and Cy require an optimization over all incoherent
operations, and the optimal solution for a general quantum
state is in general unknown, any incoherent procedure will
provide a lower bound for the measure.

We consider the set of the m-qubit Dicke state with k
excitations. The state is given by

k) = ( ) ZZ|P(0 L),

k

where P refers to a particular permutation of the state and
the summation is over all possible permutations. By verifying
the majorization condition [25] for two uniformly distributed
pure states, we can show that there exist incoherent operations

@ which performs the map |m,k) 2, (10) + |1))®™ where
my is the largest integer satisfying 2™ < (’Z) We will use
this fact to compute a lower bound for C¥ where M = m.
For the superradiance-based measure, we will simply apply
the identity operation. Figure 1 illustrates the similarity of the
obtained lower bounds to the relative entropy of coherence.
Note that the computed values are normalized such that they
coincide at the point k = 10.

VI. QFI AND SUPERRADIANCE AS OPPOSING
RESOURCES

In the previous sections, we have considered the QFI and
superradiance as separate phenomena. In particular, we have
considered the optimization of each individual resource with
respect to some optimal incoherent operations. Here, instead of

==
I

20 —— Cs
1

=
o

—— Cgr

+C£"

©
©

©
i

Normalized coherence, C
o =)
N ()]

0 2 4 6 8 10 12 14 16 18 20
Number of excitations, k

o
o

FIG. 1. Comparisons between the lower bounds of the
superradiant-based measure Cg(red circles), the QFI-based measure
C¥ (green squares), and the relative entropy of coherence Cg(blue x)
for the M-qubit Dicke state with k excitations |M,k). The plots are
normalized so they coincide atk = 10, and demonstrate qualititatively
similar behavior across different measures.

optimizing for each resource separately, we consider the joint
optimization of both quantities. Interestingly, the total sum of
distributed QFI and the distributed form of the supperradiant
quantity is also itself a coherence measure.
We first define the coherence of superradiant QFIL.
Definition 3 (Coherence of superradiant QFI). For
states, the coherence of superradiant QFI is defined as

pure

M

1 .
Csr(1¥) := oe ICPTPZ [ZF{TrP(H"[q)(hM<‘/f|)]’H§l)}
=1

N
+ ZTr[q><|w><w|)D$">D<}’>]],
ksl

where Héi) is the ith local Hamiltonian of the form H;i) =
SV kP and AP are nontrivial. P(i) refers to the ith
partition of particles in the state ®(|y) (¥ |) which is partitioned
into M collections of particles that separately interact with
the Hamiltonians H ;’). The partial trace Trpg) is to be
interpreted as tracing out every particle except the ones in P(i).
The operators Dﬁﬁ’k) and D™ are the raising and lowering
operators acting on the kth particle in the ith partition.

The extension to mixed states is performed via the convex
roof construction,

Cse(p) = min ZpiCSF<|wi>>.

The minimization is over all pure state decompositions of the
state p = 3, pi Vi) (¥l

The above is simply the sum of the distributed QFI and the
superradiant quantity, except now they are jointly optimized
over incoherent operations. As before, the construction is
based on considering the optimization for pure states, and the
generalization to mixed states is achieved via the convex roof
construction. Assuming that the operators H ;’) and Di’ck specify
the same incoherent basis, we can prove that the joint quantity
Cgr is also a valid coherence measure.

Theorem 4. Cgp is a valid coherence measure.
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Proof. We first note that Cs and C¥ are both faithful
measures, which implies that there always exists an incoherent
operation that ensures Csr(|1)) > O iff |y) is a coherent pure
state. For any mixed coherent state p, there always exists at
least one coherent pure state in its pure state decomposition,
which is sufficient to prove that Cgr(p) =0 iff p is an
incoherent state.

Convexity is guaranteed by the convex roof construction,
so we only have to prove strong monotonicity for pure states.
For a proof of this fact, see the Appendix.

To show this, let the incoherent operation @ be the operation
with corresponding Kraus operators K; such that ®(p) =
Y. K:pK/. We note that the map Q(p) = Y, Qi(K;pK)) ®
|i)(i] is also a valid incoherent operation as long as €2;
is also incoherent for every i. Let us assume that €2; is
the optimal incoherent operation that achieves the maximal
summation of the distributed QFI and the superradiant quantity

for |y;) = —r K;|Y¥r). We have the following chain of
A VIK; Kil¥)
inequalities:
Csr(lv)) (®)
j _
= max 10 D F(Trear @) (D1 H)
i=1
M N ) )
+ Y Y Tl @(y) ()DL DY) ©)
i=1 k#l
1< ,
> ;f{TrpW[9(|¢><¢|>LH§’>}
M
ZZTr Q) (yhDE DL (10)
i=1 k#l
1 M
= Z - f Trp(i)<

Zpkfszk/uw»a/fkw)] ® k') (k'] Hy’

k'

®y. |k/><k’|}
-
M N
+y > T{Z P (1Y) (Y H DL DO ”}
k'

i=1 ksl

(1)

M
Y F{Trpr Qe v (ViDL Hy '}

i=1

1=

=2 m

M N
+ Y D Tel( Qe (i) (W DD DI} (12)

i=1 k#l

=Y peCsr(lY)). (13)
-

The above largely follows the same themes as in Theorem 2.
This demonstrates the strong monotonicity for a pure state,
which also implies it is true for mixed states due to the convex
roof construction. ]

From the above, we see that the sum of the QFI and
the superradiant quantity is bounded by the coherence. An
immediate implication of this is that in a coherence limited
scenario, optimizing one quantity may in turn imply less
quantum resources that can be deployed for the other.

The following theorem explicitly demonstrates this trade-
off between the superradiant quantity and QFI for the case of
N spin-1/2 systems.

Theorem 5 (Trade-off relation between superradiance and
QFI). For any density matrix p in N-particle spin-1/2 systems
the following bound holds.

N
N 1 .
> TilpDY DY) + Zf(p, Zog”) SN =) < -
i#] i=1
where p is the mean excitation number. o
Proof. We first note that each pair of DS?D(,J) com-
mutes with Y1 o, thus it does not change the excita-
tion number. This observation leads to the fact that coher-
ence between different excitation numbers does not con-
tribute to the superradiance. Then we have Tr[pDi[)D(_j )] =
Yoo PuTelpw D' DP1, where  p,, = Ty pTl,/py  and
pm = TrpIl,, given by the projector IT,, onto the excitation
. N N
number subspace given by Y ;" , O’Z@‘ = Z’“:O (m — %)Hm-
Furthermore, with ), 2 Ttlom DS?D(,])] achieves the max-
imum value m(N — m) when p,, is the pure Dicke state of N

particles and excitation number m. Then we get the following
bound:

N
> TlpDDV1=3 > puTrlp, DY D]
i#j i#j m=0

N
< Z pmm(N —m)

m=0

N
= —Var(z az(i)> — uz +Nu
i=1
N
——}"< ZU@) + u(N — p),
i=1

where we used the fact that variance is always larger than
one-quarter of QFI and pu = ZZZO Tr(mpTIl,,) is the mean
excitation number. Also note that /(N — ) = N2 /4 for u =
N /2, which is the maximum possible value. |

The above inequality suggests that in the single party, N spin
scenario, when coherence is distributed such that the superra-
diant quantity is saturated, then this must come at the expense
of QFI. Figure 2 shows that there is no quantum state which can
achieve both maximal superradiant quantity and QFI simulta-
neously. This can be shown by considering two extremal cases:
a Dicke state with N /2 excitation |N, %) and the GHZ state

|GHZ) = %(lO)‘g’N + [1)®N). Each state achieves the maxi-
mum superradiance Zi# Tr[|N,%)(N,ﬂ|D$)D(_j)] = N?/4
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FIG. 2. Trade-off relation between the QFI F =
1F(p. >V, 09 and the superradiant quantity S =
> £ Tr[,oDﬁ)D(f)] for N =20. The shaded region represents
the allowed region of (F,S). The boundary (see Theorem 5) can
be saturated by a mixture of the GHZ state and the Dicke state,
pp = (1 — p)IGHZ)(GHZ| + plN,%)(N,ﬂ| (dotted line). The
maximum achievable F' and S are given by the GHZ state and Dicke
state, respectively.

and the maximum QFI F(|GHZ)(GHZ|, Y, o) = N?,
respectively. In either case, the state saturates the bound,
leaving the other resource to be zero. Every point on the
boundary is reachable via an incoherent operation that maps
the Dicke |N, %) to the state to the N spin GHZ state |GHZ)
with probability p. Note that the total sum of both quantities,
corresponding to Csr, is a constant over 0 < p < 1. A related
clock and work trade-off relation between coherence resources
was recently studied within the context of quantum thermody-
namics [26]. Superradiant phenomena were also previously
studied in relation to the skew information [27].

VII. INTERCONVERTIBILITY OF RESOURCES

In the previous sections, we established strong connec-
tions between coherence, QFI, and superradiance. Previous
work also established that coherence and entanglement are
inconvertible resources via incoherent operations [3]. The
following theorem expands upon this by including QFI and
superradiance.

Theorem 6. There always exists an incoherent operation
that maps nonzero coherence, QFI, superradiance, and entan-
glement into one another.

Proof. (QFI-superradiance-entanglement — single-particle
coherence):

First of all, it is immediately apparent that if a state p has
nonzero QFI, superradiance and entanglement, then p must be
coherent (see Theorems 1 and 2 as well as Ref [3]). Any state
p of N particles each with dimension d, can always be mapped
via an incoherent unitary to a single-particle state of dimension
d". We can see this already from the 2-qubit case. The basis
{]00),]01),]10),|11)} can simply be mapped onto the basis
{]10),]20),]30),]40)} via an incoherent unitary. Its extension
to the N-particle, d-dimensional case is straightforward.

Therefore, it suffices to show that if one has access to a
single d-dimensional particle that is coherent, then we can
achieve nonzero QFI, superradiance, and entanglement. Fur-

Entanglement

Foe

<:> Coherence
Pp

Quantum
Fisher
Information

Superradiant

Quantity

dg

FIG. 3. Quantum Fisher information, superradiant quantity, and
entanglement are qualitatively difference resources. However, they
are all connected to coherence via incoherent operations. This implies
one can move from one resource to another, but only if one considers
things from the point of view of coherence. In the diagram ®p,
®g, and dp represent incoherent operations which maximize the
corresponding resources.

thermore, it also suffices to show the case for a two-dimensional
qubit, since any d-dimensional system can be projected to a
two-dimensional qubit via an incoherent operation. This may
decrease the coherence, but we simply need to show that there
exists at least an incoherent operation that converts coherence
into QFI, superradiance, and entanglement.

(Coherence — QFI). Let us consider a general coherent
qubit state p = a’|1)(1]| 4+ ab|1)(0]| + ba|0) (1] + b>|0)(0.
Without loss in generality, we can assume that a,b > 0. If they
are complex, we can always perform a unitary thatis incoherent
to remove the phase. In this case, it is already immediately clear
that F(p,o0;) > 0, so the identity operation, a trivial incoherent
operation, suffices to obtain nonzero QFL

(Coherence — superradiance). For superradiance, we see
that by performing a CNOT with an ancilla initialized in the
incoherent state |1), we get

Uenor(p @ 1) {1DUlyor
= a*[1,0)(1,0] + ab|1,0)(0,1| 4 ba|01)(10] 4 b*|01)(01].
The resulting superradiant quantity is then

Tr[Ucnor(p ® 11) (1DU{xor(DY D? + DY D))
=2ab > 0,

which is sufficient to show that there exists at least one
incoherent operation that converts coherence to superradiance.

(Coherence — entanglement). For entanglement, it is al-
ready previously considered in [3].

Therefore, all four quantum resources, coherence, QFI,
superradiance, and entanglement can be converted into one
another using only incoherent operations. ]

The above theorem therefore provides a bridge between
QFI, superradiance, and entanglement via coherence. Fig-
ure 3 illustrates the relationship between the various quantum
resources.

It is known that entanglement is a necessary resource in
order to achieve Heisenberg limited scaling in QFI [28]. One
may therefore be tempted to interpret the relationship between
QFI and coherence in terms of the interconvertibility between
coherence and entanglement. However, there are entangled
states which cannot beat the shot noise limit, even when
optimized over local operations [29]. In contrast, any pure
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state with nonzero coherence may achieve Heisenberg scaling
via some appropriate incoherent operation via Lemma 1.
Furthermore, our results show that any observation of nonzero
QFI, even for single systems, is itself a witnessing of a
quantum coherence effect, which cannot readily be explained
by considering only entanglement.

Similar arguments also show that Theorem 2 cannot be
readily interpreted only via the conversion of coherence into
entanglement. In fact, for the ideal Dicke model of superradi-
ance, although there are many body quantum effects present,
no entanglement is actually generated throughout the process
[30]. Finally, the state which maximizes the superradiant
quantity is the Dicke state, which yields zero metrological
information for a local Hamiltonian of the form Hg = )", o{¥.
The evidence therefore suggests that quantum resources, as
specified by QFI, superradiance, and entanglement are qual-
itatively different from one another. They are all, however,
connected via incoherent operations, and all possess an inter-
pretation as a form of coherence, suggesting that coherence
underlies their operational utility. This relationship is further
strengthened in Theorem 6, which showed that coherence, QFI,
superradiance, and entanglement can be converted into one
another via incoherent operations. The exact optimal incoher-
ent operation that performs the conversion processes we leave
as an open problem, but it may come in the form of some
combination of CNOT-type operations, such as the type we see
in the faithful conversion of coherence to entanglement [19].

VIII. CONCLUSION

In the preceding sections, we demonstrated how to con-
struct, via QFI and the superradiant quantity, valid measures
of quantum coherence. These measures quantify exactly how
much Fisher information, superradiance, or their joint sum
is extractable from the coherence in a pure quantum state.
The generalization to mixed states may then be achieved via
the convex roof construction. In this case, the measures are
nontrivial upper bounds that establish fundamental upper limits
to the amount of utility that is extractable without injecting
additional coherence into the quantum state.

It was in fact already known that some form of coherence
plays a crucial role in quantum metrology. In [31], it was
pointed out that unspeakable coherence is especially relevant
for metrology, and that the resource theory of asymmetry is able
to quantify the metrological usefulness of a given probe state.
Our results, in the form of Theorems 1 and 6 go one step further,
by demonstrating that more general forms of coherence may
in fact be made useful via an appropriate incoherent operation.
In contrast, an operation such as the type considered in Lemma
1 is explicitly forbidden in theories of asymmetry.

We then demonstrate general arguments that are also
valid for a large class of functionals of quantum state that
is faithful and concave (Theorem 3), demonstrating that a
similar interpretation in terms of coherence also exists for
such functionals. We also showed that a joint optimization
of QFI and the superradiant quantity leads to a valid quantum
coherence measure, thus proving an inherent trade-off between
the two processes that is limited by the coherence in the initial
state. Finally, we showed that if one were to begin with a
state with coherence, QFI, superradiance or entanglement, then

there always exists an incoherent operation that converts one
resource to another.

We hope that our work will inspire further research into
the role that coherence plays in QFI, superradiance, quantum
correlations, and yet other quantum phenomena.
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APPENDIX A: A METROLOGICAL INTERPRETATION
OF THE TRIVIAL COHERENCE MEASURE

In the main text, it was mentioned in passing that the
simplest possible coherence measure has a metrological in-
terpretation in terms of Lemma 1. Here, we devote a short
discussion illustrating why this is the case.

Definition (asymptotic coherence of QFI). The asymptotic
coherence of QFI is defined to be the quantity:

. _logCr(p)
Car(p) := max (1\,11_{110O W —-1,0),

where N is the number of terms in the signal Hamiltonian
Hg =YV h and h is nontrivial.

From this definition, we can show the following.

Theorem. C4r 1is the trivial coherence measure where
Car(p) = 1iff p is coherent, and C4r(p) = 0 otherwise.

Proof. First, we show that that p is incoherent iff C4 r(p) =
0. This is immediately true since no incoherent state can
reach the Heisenberg limit even with the help of incoherent
operations, so if p is incoherent, C4r(p) = 0. On the other
hand, from Lemma 1, we see that every pure state can reach
the Heisenberg limit which implies that if p is coherent,
Cn(p) ~ O(N?) since the pure state decomposition of p must
contain at least one coherent pure state. This implies that in the
limit N — oo, % — 2,80 Capr(p) = 1 > 0. This proves
that o is incoherent iff C4r(p) = 0. Here, we recall that N
corresponds to the number of particles that interact with the
signal Hamiltonian Hg, and not the actual number of physical
particles, which can be any arbitrary number so long as it is
reachable via some incoherent operation.

We also immediately see that this is just the trivial coherence
measure that assigns a value of 1 if a state p is coherent, and
assigns the value O otherwise. It is then easy to verify that
the trivial coherence measure satisfies convexity and strong
monotonicity, and so is indeed a valid coherence measure in
the strict sense. This completes the proof. |

The above therefore provides one physical interpretation
for the trivial coherence measure via C,r. We see that
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by considering the limiting case of CL, the trivial measure
corresponds to the fact that every coherent pure state can
always achieve Heisenberg limited scaling by applying an
appropriate incoherent operation, while for incoherent states
the Heisenberg limit is always inaccessible even with the help
of arbitrary incoherent operations.

APPENDIX B: GENERALIZATION OF STRONG
MONOTONICITY FROM PURE STATES
TO MIXED STATES

A frequently used result in the main paper is the assumption
that one only needs to prove the strong monotonicity property
for pure states, and the convex roof construction will ensure
its generalization to mixed states. Below, we provide an
independent proof of this fact.

Proposition 1. Suppose C is a valid coherence measure over
pure states. If we consider the convex roof construction of C,

Ceonv. = i iC¥i)),
(0) “m}”;p (1))

then Ceony. is convex, and the strong monotonicity
for pure states Y, q;C(K;|¥)//q;) < C(Iy)) with g; =
(1//|K;K,-|1//) implies the strong monotonicity of Ceopy., i.€.,
Zj Qjcconv.(ijK;/qj) < Ceonv.(p) with qj = TI‘(pK;Kj),
Proof. Convexity. Suppose p = >, pipi andthe optimal de-
composition of p; is {g’.|¥})) that Ceons.(01) = 3 ¢:C(1W1)).

Note that p =3, pigi|¥i)(¥i| is one of the possi-
ble decomposiﬁons of p, thus Ceonv.(0) = Cconv.(zi Dipi) <
Zi,] qujC(hﬂ;)) = Zi picconv.(pi)-

Strong monotonicity. Suppose the optimal decomposition
of p is {pL.I¥:)). Then p; = X, (ph/a" K, 1wy (WK,

where g% = (y:|K'K;|y7). Note that C(y})) >
> q;.‘C(th//l’;)/ /q;.‘) for all . Thus,
Ceonv.(P) = Y _ prC(Y)
n
. Ky
> el ==
, : [t
o J q;
= ZC[jCconv.(pj)v
J
where the last inequality comes from that p; =
oyt kT
Zu(p;qf/qj)(%) is just one of the possible
pure state decompositions of p; and g; :Tr(pK;K i) =
> Pid’- n

This proposition demonstrates that we really only need to
prove the strong monotonicity case for pure states for convex
roof constructions. The demonstration of strong convexity is
typically the hardest part of the process, which is greatly
simplified by considering only pure states.
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