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Abstract. We study completely asymmetric two-channel exclusion processes in one dimension.
It describes a two-way traffic flow with cars moving in opposite directions. The interchannel
interaction makes cars slow down in the vicinity of approaching cars in the other lane.
Particularly, we consider in detail the system with a finite density of cars on one lane and
a single car on the other. When the interchannel interaction reaches a critical value, a traffic jam
occurs, which turns out to be of first-order phase transition. We derive exact expressions for the
average velocities, the current, the density profile andktpeint density correlation functions.

We also obtain the exact probability of two cars being in one lane of distRreggart, provided

there is a finite density of cars on the other lane, and show that the two cars form a weakly
bound state in the jammed phase.

1. Introduction

Low-dimensional systems out of equilibrium have attracted much attention recently [1]. An
important class of such models is the one-dimensional (1D) exclusion processes describing
particles hopping independently with hard-core repulsion along a 1D lattice. Such systems
provide a good description of growth processes, traffic flow and queueing problems [2],
etc (see [1] for the references up to 1995). The completely asymmetric exclusion process
(ASEP) describing particles hopping only to the right with equal rate 1 and hard-core
repulsion is perhaps the simplest and best studied one [3, 4]. In particular, for the periodic
boundary condition, all configurations are equally likely in the steady state, and the average
particle velocity in the infinite system is

(vy=1—n 1)

n being the density of particles. Janowsky and Lebowitz [5] showed that a fixed blockage
in the system, which reduces the rate of hopping across it froms1<ol, can produce
global effects. Namely, for each fixed densitythere is a range of & r < ro where the
system segregates in high- and low-density regions with a sharp boundary, called shock,
between them. Although some exact results were obtained [5], many quantities of interest,
for example steady-state density profile, correlation functions, etc were computed only
numerically.

In this paper we derive all these quantities exactly, in closed form, for a slightly different
model, guided by modelling the two-way traffic-flow problem. Namely, there are two 1D
chains on a ring,N sites each. One chain, or lane is occupied by cars and another is
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occupied with trucks (we refer to them differently just for notational simplicity), hopping
in opposite directions with rates 1 apd respectively. Effective rate of hopping of the car
(truck) reduces to A8(y/B), when there is a truck (car) in front in another lane. Physically,
1/ is determined by the narrowness of the road; it describes how much the car/truck slows
down when seeing another truck/car approaching. gheo case corresponds to the road
being completely blocked.

For the case where there is a single truck in one lane and finite density of cathe
other, we expect the similar type of behaviour with the blockage case [5]. We expect the
cars to pile up causing a traffic jam, at a certain range of interlane interaction parameter
B. So it is, as Monte Carlo (MC) simulations unambigiously show, see figure 2. Then,
to study closely the nature of traffic jam phase transition, we impose the restriction that
the car and truck cannot occupy each neighbouring isgamultaneously. At this point,
the model becomes exactly solvable by the matrix approach of Destidh[6, 7]. Using
it, we compute the average velocities, the density profile,kapdint correlation functions
exactly, for the finite chain and in the thermodynamic limit. Particularly, the traffic jam
phase transition curve is given by simple form@la; = 1/n, in the thermodynamic limit.

Characterictics of the traffic jam phase transition are examined in detail. Finally, we
consider the situation with two trucks/finite density of cars in the system. We observe that
a weak bound state is formed between the two trucks.

A comparison of our results with the original two-way model, the ASEP with single
fixed blockage [5], and exact Bethe ansatz solution byugc8] for deterministic ASEP
with blockage concludes the paper.

2. Formulation of the two-way traffic-flow model

We consider the following hard-core exclusion process: there are two parallel 1D chains
on a ring, N sites each, the first chain contaifs cars and the second chain contakis
trucks. Cars (trucks) are hopping in opposite directions with ratg3 tespectively. The
state of the system is characterized by the set of occupation nurfipgts of the first
lane and{o;}; of the second laner; = 1 if there is a car at sit¢ andt; = O if empty,
and the same for the trucks; = 1(0) if occupied (empty). The system evolves under the
following stochastic dynamical rules.

At each infinitesimal time intervadz, one pair of adjacent sitesi + 1 at any of the
two chains is selected at random for a possible exchange of states. The possible exchange
processes together with their rates are listed below: cars are hopping to the right

1 if Oiy1 = 0
vy = (1,0 0,1 with rate { 1 . . 2
o) = (LO) = 0. 1) 5 if 0;.1 =1 (truck in front) @
trucks are hopping to the left
Y if T = 0
(0i,0i41) = (0,1) — (1,0 with rate 14 3)

5 if ; = 1 (car in front).
One sequence of 2 (total number of sites in two chains) selections constitutes one time
step (or one MC step, see figures 1 and 2).

The interlane interaction parametgr > 1 has a transparent physical meaning. It
describes how much a vehicle slows down when seeing another vehicle approaching, which
in turn depends on the narrowness of the rogd= 1 (no slowing down) corresponds
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Figure 1. MC simulation result of the two-lane traffic flow model. The ‘average velocities
versus interlane interaction= 1 — 1’ are shown forN = 200, n¢ars = 0.3, ntrucks = 0.4 and

y = 1, unless otherwise stated. Initial configuration of the system is random. We equilibriate
the system for 2000 MC step intervals, collect data at 2000 MC step intervals and average over
100 different histories.
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Figure 2. The same as in figure 1 but fdfcars= M = 60 andNyycks = 1. The pointr, ~ 0.8
is the approximate traffic jam transition point.

to a highway with a divider, and/B = 0 corresponds to a narrow road being completely
blocked. If we let the system evolve for a long time, it reaches the steady state, independent
of its initial configuration. We shall be interested in the steady-state characteristics which
depend only on macroscopic parameters (number of cars, number of trucks and total number
of sites) and the rates (2), (3).

We studied the most practical characteristics of the model, the average velocities of cars
{(vecar) @and trucks(vyyck) as a function ofl — 1/8) by MC simulations. The MC results for
two different cases are shown in figures 1 and 2. Figure 1 corresponds to a system where
the density of cars and trucks are 0.3 and 0.4, respectively, and shows a monotonic decrease
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of both velocities ag8 increases. Figure 2 corresponds to the system with a single truck
and many cars with density = 0.3. In contrast to figure 1, we see thai,) remains
constant (equal to the average velocity (1) in the noniteracting syatem (1 — n)), until

the point 1— 1 ~ 0.8 is reached. Fop > B, (vca) rapidly drops. Simulations show that

for B > B, t e system segregates into two phases: the high-density one in front of the
truck (traffic jam) and the low-density one behind the truck. Piling up of cars in front of the
truck accounts for the decrease of average car velocity. The absence of a sharp transition
for a finite density of trucks (figure 1) compared with figure 2 is due to the fact that a
finite number of trucks in infinite systems produces the macroscopic jammed phase, while a
finite density of trucks produces only microscopic jams which average out to give a smooth
behaviour.

The segregated or traffic jam phase is well known as a shock phase or coexistence phase
in 1D ASEP. Schitz [8] showed its existence in an exactly solvable deterministic model
with a fixed blockage, and found various shock characteristics rigorously. As far as the
probabilistic ASEP are concerned, Janowsky and Lebowitz [5] showed the existence of the
segregated phase in a probabilistic ASEP with a fixed blockage. The latter model is not
solvable, and most results obtained in [5] are therefore numerical.

The characteristics of the shock are believed to be quite universal, qualitatively
independent of details of the stochastic process. That is why it is important to give exact
solutions for some system with a shock. Here in this paper we propose a two-way traffic-
flow problem (slightly modified, see below) with a single truck as an example of such a
solvable system. Roughly, the single truck plays the role of blockagegapidys the role
of the transmission coefficientin [5]. Following the traffic-flow formulation, we shall call
the shock the ‘traffic jam’ and the segregated or coexistence phase the ‘traffic jam phase’.
We shall find exactly the characteristics of the traffic jam and the traffic jam transition,
including average velocities, density profiléspoint correlation functions, for finite chains
and in the thermodynamic limit. For this purpose, one has to modify the original model to
a solvable one.

3. Madification of the original model to an exactly solvable model

We now modify the two-way traffic problem slightly. Here, we forbid a car and a truck
to occupy two parallel sites in the neighbouring chains simultaneously. Then one can
actually describe the configuration by a single-lane configuratig)j! ,; each sitei is
either occupied by a car; = 1 or truckt; = 2 or emptyr; = 0. The allowed exchange
processes are then modified from equations (2) and (3) to:

(1,00 — (0,1) with rate 1
0,2 — (2,0 with ratey 4)
(1,2) > (2, 1) with rate%.

Although the quantitative characteristics of the system do change after this modification, the
gualitative characteristics do not (compare for instance the graphs for average car velocities
in figures 1 and 3).

Process (4) is the two-species ASEP solvable by the approach of Detriala[7].
Process (4) and the one considered in [7] differ by replacement R (interchange of
trucks and empty spaces).

The probability of a given steady-state configuration is shown in [7] to be proportional
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Figure 3. Average velocities of the cars computed from equation (8) in a system of 200 sites,
for different densities: = 0.3, 0.5, 0.7.

to the trace of a product

wconf(‘L’l‘Ez R ‘L’N) = Tr(Xj_XZ . XN) (5)
where
D if car at sitei =1
X,=1E if truck at sitei =2 (6)
A if site i is empty ;=0

are noncommuting matrices satisfying the following algebra:

DE=D+E
BDA = A ()
aAE = A; a = By.

Knowing the probabilistic measure, we can find the various averages of steady state.

4. Average velocities

We shall consider the system haviiM) number of cars and a single truck.

Analogously to [7], defin& (N, M) as the probability of having the truck at sitg in
a system withN sites andM cars. Define therYp (N, M) as the probability of finding a
car at siteN — 1, provided the truck occupies the positidh Then, the average velocities
of the cars and the truck are given by:

1Yp(N,M)+(N—-M—-1Y(N—-1,M —1)
B MY (N, M)
1Yp(N, M)+ a(Y(N, M) —Yp(N, M))

(Vtruek) = E Y(N, M)

®

(Vear) =

©)
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Figure 4. The same as in figure 3 for the the truck velocities equation (9).

The quantitiesy (N, M) andY,(N, M) are computed in the appendix and found tg be

Yp(N, M) = ot,BiM <ﬁ_“lcff—21 n %I(N, M)) (10)
Y(N,M)=Yp(N, M)+ icM (11)
’ ’ OlﬂM N-2
where
M
I(N,M) =Y B“CNF5 ., (12)
k=1

andC/ is the binomial coefficient. In figures 3 and 4 we plota) and(viuck), respectively,
computed from an exact formula, as a function ef 1/8, for three densitiea = 0.3, 0.5

and Q7 aty = 1, in a system withV = 200 sites. Naturally the traffic jam transition point
decreases as the average densifypicreases. The behaviour ¢y, is similar to the one

for the original two-way traffic model in figure 2. However, now we can evaluate the exact
thermodynamic limitN, M — oo, n = M/N fixed, and find the exact transition point. We
used the steepest descent method for computing the thermodynamic limits. The average
velocities in the thermodynamic limit are given by (see figure 5):

1—-n if n8 <1
= — 13
(vear) E 1-n if ng > 1 ( )
B n

1 ad-nA—-np)+n(a+pB—np)

B A—m@-np)+n+p—np P
—n —n no —n
(Vtruek) = 1 (14)
= if ng > 1.
B
Thus, the transition point to the jammed state is given by a simple formula
nPBerit = 1. (15)

1 More precisely,Y (N, M) and Yp (N, M) are probabilities up to a normalization factor which is equal for all
the terms entering equations (8) and (9), see the appendix.
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Figure 5. Exact car and truck velocities in the thermodynamic limit equations (13) and (14),
for n = 0.3. (vyyck) is given fory = 1 andy = 1.5 (light curve).

Note that the transition point does not dependjyerthe free velocity of the truck. The
average car velocity has a cusp at the transition point. The average velocity of cars before
the transitionn < 1 is equal to the one in a system without a truck (1). ko 1,
(vean = 0 independently of3, because all sites are filled and cars cannot moyg. 2 0
is the case of complete blockage: both velocities are identically zero.

To examine closely the nature of the traffic jam transition, we find the exact density
profile andk-point correlation functions in the next two sections.

5. The density profile

In this section, we obtain the exact density profitgx)) in a system with one truck and
arbitrary M number of cars, in a chain of length. We choose a reference frame in which
the truck is always at the positia¥. It can be done because the weights of the steady-state
configurations (5) depend only on the positions of the cars relative to the truck location,
due to cyclic invariance of (5). The average densityx)) at distancex from the truck is
equal to the probability of finding a car at sidé— 1 — x;

(n(x)) = 2cont N-1-xWn(TaT2. Ty-12) (16)
2 confWh(T1T2. .. TN-12)
Sums run over all possible configurations havivigcars,N — M — 1 empty spaces, with

a truck at the positiorv, so

e =1e((T%)e) a

i=1
where X; = D(A) if site i is occupied by a car (empty). The quantity (16) is readily
obtained using algebra (7) and found to be

(n(x)) = {C%‘g}— %[I(N—l,M—l)

+B B - DIN —x, M —x)O(M > X)]}/(Y(N, M)yap™) (18)

o 2
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Figure 6. Density profile before traffic jam, in a chain of 400 sites computed from formula

(18). n = % = 0.3, B = 3(Berit = 3.3333. The single truck is located at the right end.

whereY (N, M) and I (N, M) are given by equations (11) and (12), respectively, and

1 if y>
if y>x (19)

Oy =x) = .
> x) 0 otherwise.

Expression (18) determines the average density for any valge BElow we shall consider
the cases before and after the traffic jam phase transition separately.

5.1. Low-density phase;8 < 1

Before the transition, the presence of a truck affects the system only locally as is seen from
figure 6, where the density profile is shown fr= 400. The density, otherwise constant,
locally increases only in a close vicinity of the truck.

Evaluating formula (18) for largas, N > 1; with 4 = n fixed, we find

(x+p—-—D(A—n) .
(n(x)) = n (1 TR nB) ) | (20)
—n+uon
One sees that the local density disturbance decays exponentially at a finite-length scale
E=1Inmp) . (21)

Therefore, the relative size of the disturbed region vanish%. ds principle, by common

sense one would expect the existence of the low-density region right behind the truck.
However, it is absent in the exact solution, as seen from figure 6. We do not have a
simple explanation for this fact. Analogous behaviour was observed in an exactly solvable

deterministic exclusion process with a fixed blockage [8].

5.2. Traffic jam phasey > 1
In this region, cars pile up before the truck as seen from figure 7. Increasing interlane
interactiong leads to increase of traffic jam length

_Ljamwnﬂ_l (22)

I = ~ .

N -1
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Figure 7. Density profile in the traffic jam phase, in a chain of 400 sites computed from formula
0.3, and forg = 5(a) andB8 = 15(b). (Berit = 3.3333. The total length of

M
N. Asymptotic values of densities in a high- (low-)density region are

(18) forn = 5 =
traffic jam is Ljam ~ ’if_*ll
nhigh = 1, njow = % The truck is located at the right end.

, v = n, the latter formula becomes exact, and the

In the thermodynamic limiM, N — oo
density profile becomes a step function:

X np—1
1 ¥ <%
(n(x)) =11 _ (23)
otherwise.

Note that the density in the low-density region is equal to the critical density= 1/8,

independently of the average density The same behaviour is observed in [8].
In fact, in the jammed phase, the only way the truck can move is by the process

(1,20 - (2,1) (because the contribution of the procesg6s2) — (2,0) becomes
In the slow truck/many cars problem treated

exponentially small in the larg&y limit).
in [9], the same is true when the rate for tf# 0) — (0, 2) process as denoted kyin [9]



8506 H-W Lee et al

is zero. Thus our model in the jammed case is a special case of [9], up to exponentially
small corrections. However, only simple characteristics were investigated in [9]; correlation
functions, as well as larg® > 1 limits were not studied.

More precisely, for largev, M > 1, we find up to corrections of ordevV -z,

1 1 x — NI 1
=1—_(1—-=>)3{1+erfl—— )} +O(N"2 24
e 2( ﬂ){ (AW)} (N (24)
with [ = ]29__111 A= @ and erf(y) = % ./QV e_tzdt_

This shows that the shock interface extends over a region of widdh More
careful considerations, however, show that the real shock interface is sharp and extends
over only two consecutive sites, and the apparent widtk/of is due to shock-position
fluctuations. (The shock-position fluctuations of ordglV were also observed in the
probabilistic exclusion process with a fixed blockage [5].) Indeed, the discrete version of
the density gradient correlatiofAn(x1) An(x2)) whereAn(x) = n(x + 1) — n(x) vanishes
if |[x1 —x2| > 1. (It follows directly from equations (31) and (32).) This shows that the
jammed phase is indeed segregated into two macroscopic regions—the low-density one on
the left withniew = 1 and the high-density one on the righitgh = 1. The fact thatinigh = 1
is due to the nature of the process we consider (see (4)): once cars pile up before the truck,
the car—truck exchange processes do not create empty spaces.

Finally, note that one can choose the difference between the average densities in the
macroscopic regions in front and behind the trdek= nnigh — niow @s an order parameter,
characterizing the traffic jam phase transition. With respect to this order parameter, the
transition to the jammed phase is of the first order, as seen from equation (23);

0 if n <1

on = 1—; if ng > 1. (23)

5.3. The hydrodynamic approach

The thermodynamic limit results equation (23) can also be obtained from simple
hydrodynamic arguments. Supposing that the segregated phase contains two macroscopic
regions of length N and (1 — /)N, with average car velocities in these regions- &nign

and 1— now, respectively (see equation (1)), one can write down a set of equations. First,
from the car conservation,

niow(1 — 1) + nhighl = n
and next, from the current conservation in the reference frame of the fixed truck,

J = mow(d — niow + (Vtruck) = nhigh(L — nhigh + (Veruck)) (26)
finally from the definition of the average car velocity

n(vear) = Riow(1 — 1) (1 — niow) + nhighl (1 — nnigh).

Substituting the value&vcy) and (vgyuck) from equations (13) and (14), and solving the
above system of three equations, we obtain exactly the result equation (23).

The correctness of the hydrodynamic arguments in the thermodynamic limit is due to
the fact that indeed cars behave like an ideal gas of interacting particles; correlations vanish
in the thermodynamic limit as shown in the next section.
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corresponds to jammed phasgy = %; nnigh = 1. The area below corresponds to uniform low
density phase ow = nhigh < ncrit- There is no uniform high-density phase like in [5, 8] because
the particle-hole symmetry is broken.

One can easily compute the current flowing through the truck. The phase diagram
‘current versust’ (narrowness of the road) is given in figure 8. With fixgdthe current
J increases with the density, as
1 a(l—n)A—nB)+n(ae+ B —np)

J = n({vguck) + (Vear)) =1 (,3 1—-—n)A—np) +n(e+ B —np) +@1- n)) 27)

until the critical density

1
Nerit = E (28)
is reached. After that, in the jammed phase, the current remains constant (see equation (26)),
1
Jmax = nhigh(1 — Rhigh + (Vtruck)) = ] (29)

for all densitiesieit < n < 1.

Note that there is a single critical density value equation (28), in constrast to the models
with fixed blockage [5, 8], where two critical densities exjsi: and pgrit = 1 — perit. The
reason is as follows. The models considered in [5, 8] have the particle-hole symmetry which
is broken in the model we consider.

6. The k-point correlation functions

Here we obtain thé&-point equal time correlation functions in the steady state, in exact and
asymptotic forms, for a system with one truck amdcars. Analogously to equation (16),
one defines

py - Ty o TN_12
i) ) — Seont s T W (712 T -12) o)
Zconf wy (T1T2. .. TN-12)
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with Pj =N—1—Xj.

Here we taker; < xp < ... < x;}. Sums run over all possible configurations having
M cars,N — M — 1 empty spaces, with the truck at the positisn

Calculation of equation (30) leads to the following surprising result:

(n(x)n(x2) ... .n(xp)) = (n(xg)) Z S Gekga—j). (31)

j=2

The k-point correlation function actually splits into a sum/oterms, each one depending
on a single argument! The exact form ff(x) is given by

fj(x)=[ }V“zl‘/Jr{ ﬂo_‘lcﬁjjﬁﬁ%[(ﬁ DIN —j, M —j,x—1)

xO(x >2) + BCy I 2]}@(x 1)}/(Y(N M)yap) (32)

where®(x > y) andY (N, M) are given by equations (19) and (11), respectively, and

min(M,x) ) _
JIN.M,x)= Y Y5,

We shall show that in the limit of large&/, M > 1, f;(x) is given by a remarkably
simple formula

i) =T A= (n(x))) with ¥ = min (n ;) ) (33)
Indeed let us consider the connected two-point correlation function,

(n(xn(x2))c = (n(x)n(x2)) — (n(x1){n(x2)) = (n(x2))(L = (n(x1))) — fa(x1) (34)
according to equation (31). A%(x1) does not depend orp, one can choose any convenient
x2. Take the point, infinitely far apart fromx;; x, > x;1, so that the correlations between
them vanish(n(x1)n(x2))c = 0. Then:

(a) before the transition < 1, we have forN, M > 1, using equations (20) and (34),

S2(x1) = n(l — (n(x1))).
(b) After the transitiomﬂ > 1, using equation (24) and imposing in addition>> NI
we obtain{(n(x,)) = %, and

1
fa(x1) = B(l_ (n(x1)))

which proves formula (33) foj = 2. Recursively, one obtains the asymptotic behaviour
of other functionsf3(x), ..., fir(x) from (31). Formula (33) can also be obtained directly
from (32).
Finally, the k-point correlation function, connected part, is given from equations (31)
and (33) as
k

(n(x1)...n(x))e = (n(xp) — ZK’;l(l— (n(xe1-7))) — (n(x2) ... (n(x))

=2

wherex = min (n ;) (35)

1 Equality of some argument values, say,= x> simply lowers the order of the correlation function by 1 as seen
from equation (30){n(x1)n(x1)n(x3)...n(xx)) = (n(x1)n(xz) ... n(xg)).
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for N,M > 1,x; < x2 < ... < x; and (n(x)) is given by (20) and (24) for < 1 and
nB > 1 respectively. Thus, the-point correlation function fov, M > 1 is determined
completely by the one-point correlation functions.

As an example, consider the two-point correlation function,

(n(xn(x2))c = ((n(x2)) — k)1 — (n(x1))).

Before the transition, at the low-density phagk< 1, « = n, (n(x2)) is given by (20), and
(n(x2)) — k ~ (nB)*2. So the correlation function decays exponentially with a length scale

£ =|In(mp)| %

Thus, in the low-density phase, the two-point correlation function is nonzero only in a close
vicinity of truck x; < x2 ~ &. Forxz > &, (n(x1)n(x2))c = 0. Thus, in the whole region
& < xp < N, cars do not feel any correlations between each other and behave like an ideal
gas of particles.

In the traffic jam phases8 > 1, the two-point correlation function

1
(n(xp)n(x2))c = <<n(xz)) - ﬁ) (1= (n(x1)) (36)

remains nonzero, only if botty andx,(x1 < x) are in the regiony, x, € [NI—AV/N, NI+
A+/N] as is seen from (24). Otherwise, either(x,)) ~ %, or (n(x1)) ~ 1 and the
correlation function(n(x1)n(x,))c vanishes.

Again, one can say that the jammed phase indeed has a phase separation: (a) solid-like
phase with density 1; (b) ideal gas phase (no correlations between the particles-cars) of
density%. This explains why the simple hydrodynamic approach (see section 5.3) leads to
the correct results in the thermodynamic limit.

7. The bound state between two trucks

Here we shall consider the system having two trucks, ahccars, and determine the
probability 2 (R) of two trucks being at distanc® apart. This probability is proportional
to

Q(R) ~ Z Wy (‘L'l‘L'z e TN7R7227N7R . ‘[N,]_Z) (37)
conf

with the sum running over all possible configurations havidgcars and two trucks at
positions(N — R—1) andN. SoR = 0 corresponds to two trucks being next to each other.
Due to the periodic boundary condition,OR < NT*1

The exact expression fde(R) at finite N is unwieldy and we shall not present it here
(typical behaviours of2(R) are shown in figure 9 fov = 200,n = 0.3, andg = 3,5).
Instead we shall write down its asymptotics in each phase.

(i) nB < 1 :In the thermodynamic limit2 (R) reduces to the following

nl—n)a+B—D—-1
(1—n+an)?

It is maximal forR = 0 and decays exponentially with the same length sgate| In(ng)| =2,

as before. A<t does not depend oW, the fraction of space with nonzero correlations
between the trucks vanishes agNl Thus, two trucks are asymptotically free. The
asymptotic freedom of trucks accounts for the fact that the phase transition to the jammed
phase takes place at the same critical densifys = 1. These arguments can be extended

to any finite number of trucks in the infinite syste¥h— oo.

Q(R) ~ 1+ )(nﬁ)R. (38)
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Figure 9. Probability 2(R) of finding two trucks at a distanc® apart, &) before and If)
after the phase transition, computed from the exact formulaMet 200,» = 0.3. The light
curve in p) corresponds to the thermodynamic limit. The valuggaé 3 and 5 for &) and b),
respectively.

(ii) Jammed phaseg > 1: In the thermodynamic limit, we find the following result
for Q(R) from the exact formula:
Q(R) linearly drops with the distanc® in the region
ng—1
-1
and then stays constaf¥(R) = constant,Nro < R < Y31, see figure %). The relative
ratios are

0< R<Nrg ro=min(l,1-1) < 3 [ =

B QNr) _ . (@-D(B-1
forrg=1 200 =1 of (39)
Q(Nro) 1 (a-D(B-1 ro

QO af 1—ry

forrp=1-1 (40)
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One can interprete this as the two trucks forming a weak bound state in the traffic jam
phase. The probability2(R) was also studied in [7], for a system with two second-
class/many first-class particles, both hopping in the same direction, where it shows a power
law decayQ2(R) ~ R~¥?2 in the uniform background of the first-class particles. This is in
marked contrast to our result equation (38) showing exponential decay in the uniform low-
density phase. Note, however, that the asymptotic equation (38) was obtained in supposition
a # 1, B # 1, while the results of [7] are derived for the= 1, 8 = 1 case.

It is interesting to analyse the average distance between the two trucks. Consider the
casen < 0.5 first. Analysis of (38) and (139) shows that in the thermodynamic limit the

relative distance between the truc&ﬁ = 3 in the low-density phasef < 1 and then

drops monotonically as a function ¢@f from <LN> = le to ‘LN> =n/3 at B = oo (complete
blockage). At the same time the length= 8 — 1)/(8 — 1) increases froni = 0 at the
transition pointBgit = 1/n to I = n at 8 = co. We remind the reader that= "f:ll is the

total length of traffic jam in a system with one truck in the thermodynamic limit, see (22).
One can argue in a different way that the total length of the traffic jam is independent of
the number of trucks, as long as it remafimste (e.g. by using the hydrodynamic approach,
see section 5.3). That means that in the early stage of traffic jam phase @nﬁ%lb l

and two separate traffic jams in front of the two trucks are formed, of lengthsad /,,

I + I, = I separated by the low-density regions. Adncreases, eventuallﬁ{l—) <[, and

the two separate jams merge into a single one of lehgth

8. Summary

We have formulated the two-lane traffic model and showed that it has the transition from
the low-density phase to the segregated (traffic jam) phase. Modifying the model to an
exactly solvable one, we studied in detail the characteristics of the solvable model, which
we believe to be qualitatively correct for the original one. The solvable model in the traffic
jam phase in thev > 1 limit is a special case of the two-species model considered by
Derrida [9], see the discussion after equation (23). However, our angle of view is different
and most results obtained in sections 4—7 are new. We have obtained exact expressions of
the currentj, the average density profile, and thgoint correlation functions, for the finite
chain, and in the larg# limit, for a single truck. We have also studied the two-trucks case
and observed that a weakly bound state is formed between them in the traffic jam phase.
Generally, the truck slowing down the car movement, can be thought of as a sort of moving
blockage. Qualitatively our results for the density profile, the currephase diagram,
two-point correlation functions agree with those obtained in [8] and in part with those in
[5], describing a fixed blockage. However, the last two systems possess the particle-hole
symmetry and therefore the uniform high-density phase, related to the low-density one by
this symmetry. In our case, the particle-hole symmetry is broken for both our original two-
lane model and the modified solvable one. This accounts for the absence of the uniform
high-density phase in our model, see the phase diagram in figure 8.
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Appendix. Computation of Y (IN, M) and Yp (N, M)

The probability of finding the truck at the sit€ is given up to normalization by
Y(N, M) =) wy(ut...ty-12) (A1)
conf
where this sum is over all possible configurations havihgars,N — M — 1 empty spaces,
with the truck at the positiov. Split the above sum into two terms as
Y(N,M) = Z U)AD,I(‘L']_‘EQ . Tn_212) + Z wf,,(rltz ... Tn-202). (A2)
conf conf

The first (second) term corresponds to a car (empty space) being @vsité). The second
term can be written as

1
wi(t1T2. .. Ty_202) = TI(CAE) = = Tr(CA) (A3)
o

using the algebra (7). Heré&, corresponds to an arbitrary configuration of length— 2
havingM cars andQ = N — M — 2 empty spaces. Generally,
CA = D™MANDM™ A% D™ AN

withmy+mo+...+m=M,qg1+q+...+q = Q, qx > 1.
According to (7),

1
_ +qo+... 4 _ o]

Tr(CA) =Tr (WA% a2 ‘M) = ﬂ—MTr(A ) (A4)

and
4 02) = 1 Tr(A? (A5)

wy(t1t2... 8202 = ap (A%).
The first term in (A2) for some specific configuration is

wh(TiTy. .. Ty 212) = Tr(D™ AT D™ A% | D™—1 A% D" E) (A6)

wheremi+mo+...+my=M,q1+q2+...+q-1 = O, my > 1. We have the following
recursive relation:

fu=AD"E = AD" Y(DE) = AD" YD+ E) = AD" + f,,_1. (A7)

Using the last expression recursively, one finds

fa=A)Y D'+ fo fo=AE = ~A. (A8)
i=1 o
Substituting the value of;, into (A6), using (7), we obtain
D= =y, Tr(A? A9
Wy L Y, TH(A®) (A9)

where
o a+p-—-1
_ @ L atp
p—1 B—-1
The same common factor 42) cancels from all formulae for averages starting from

(8), (9) etc, as it enters to both the denominator and numerator. Below we shall set
Tr(A?) = 1 for simplicity.

p". (A10)

Ym =« Z:Bmii + ﬂm =
i=1
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Using (A5) and (A9) and some combinatorics to count the number of configurations,
the sum (A2) then reads

1 . M—m 1 M
Y(N, M) = W Z }/mCN_m_z + WCN_Z (All)

m=1

Finally, substituting (A10) and performing the summatidy’’ ,C¥~" , = c¥-}, one
obtains equations (11) and (10).
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