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Blind and myopic ants in heterogeneous networks
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The diffusion processes on complex networks may be described by different Laplacian matrices due to
heterogeneous connectivity. Here we investigate the random walks of blind ants and myopic ants on heterogeneous
networks: While a myopic ant hops to a neighbor node every step, a blind ant may stay or hop with probabilities
that depend on node connectivity. By analyzing the trajectories of blind ants, we show that the asymptotic
behaviors of both random walks are related by rescaling time and probability with node connectivity. Using
this result, we show how the small eigenvalues of the Laplacian matrices generating the two random walks are
related. As an application, we show how the return-to-origin probability of a myopic ant can be used to compute
the scaling behaviors of the Edwards-Wilkinson model, a representative model of load balancing on networks.
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I. INTRODUCTION

Random walks in disordered media have been studied
extensively to investigate a wide range of interesting topics
including anomalous diffusion [1-3], the first passage time
in searching problems and diffusion limited reactions [4—
9], epidemic spreading [10—12], synchronization phenomena
[13], the exploration and navigability of networks [14-21], and
the community detection [22-25]. Various types of random-
walk processes have been proposed since de Gennes coined the
term “ant in the labyrinth” [26]. In particular, random walks of
ablind ant and a myopic ant have attracted much attention. The
transition matrix of a blind ant can be described as follows.
As the blind ant at node i cannot see whether i and j are
connected by a link or not, it blindly attempts to hop to an
arbitrary node j with equal probability €. Consequently the
blind ant stays at i with probability 1 — €k; with k; the number
of neighbor nodes of node i. Consequently, € is bounded as
€ < 1/kmax, where knax s the largest degree in the system. On
the other hand, a myopic ant does not stay but always hops; it
hops from a node i to a neighbor node j with probability 1/k;.
The properties of the transition matrices and the occupation
probabilities of both types of ants have long been studied
[27,28]. In the stationary state, the occupation probability for
each ant is given differently; it is identical at every node for
blind ants [21,29], while it is proportional to the number of
links of each node in case of myopic ants [30]. Despite such
difference, it has been shown that the scaling behaviors of the
mean square displacement and the diffusion time of both types
of ants are in the same universality class on random percolating
clusters [31,32].

During the last decades, scale-free topology of real-world
networks has been identified from the World Wide Web to
social and biological networks [33,34]. The abundance of
hub nodes brings many interesting features of the dynamical
processes on scale-free networks [35]. In particular, it was
shown that the random walks of myopic ants on scale-free
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networks exhibit crossover behaviors of the return-to-origin
(RTO) probability and that the Laplacian spectra of dense
random scale-free networks have a gap [36-38]. One may
wonder if such crucial heterogeneity of complex networks
influences the case of blind ants as well.

In this paper we show analytically and numerically that
the long-time behaviors of the occupation probabilities of
blind and myopic ants are not different; however, rescaling
of the occupation probability and time by node connectivity
is needed appropriately. This finding leads us to find how
the small eigenvalues of their transition matrices are related.
The transition matrices of blind ants are used in the Edwards-
Wilkinson model of the load balancing problem of underlying
networks [39-42] and the Kuramoto model of synchronization
phenomena in the strong-coupling limit [43]. We show how
the scaling behaviors of the roughness and the synchronization
order parameter in complex networks can be understood by
the RTO probability of myopic ants displaying crossover
behaviors [37].

II. OCCUPATION PROBABILITIES OF BLIND AND
MYOPIC ANTS

The random walks of a blind ant and a myopic ant on
an arbitrary undirected graph G of N nodes and A links are
defined as follows. The adjacency matrix of G and the degree
of each node i are denoted by A and k;, respectively. Our study
is restricted to sparse networks, the ones having finite mean
connectivity (k) = 2A/N = O(1).

A blind ant at a node £ may stay there with probability
1 — €k, or hop to a neighbor node j with probability € with €
being a parameter. Then the occupation probability g;;(7) at
node j and 7 time steps after starting at node i is evaluated
as

qji(v) = (BY)ji, Bje=(1—€k;j)8j+€Aj. (1

To prevent the waiting probability 1 — €k; from being negative,
we impose the condition € < 1/max(k;).

On the other hand, a myopic ant at node £ hops to a neighbor
node j with probability 1/k,. Therefore the occupation
probability p;;(n) of a myopic ant at node j and n time steps
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after starting at node i is given by

pji(n) = (M");; = § | | '“‘”
{i2,i3,..00in} £=1 ki, )
M. = At
jt — s
kg

where i = iy,ip, ...,iy,0i,+1 = j denotes the sequence of the
nodes visited by the myopic ant during # steps.

Each trajectory of a blind ant consists of waiting and
hopping alternatively. Classifying the trajectories of a blind ant

according to the number of hops n as g;;(t) = Z —0 qll)(t)

we find that the n-hop occupation probability q(")(t) of ablind
ant is represented as

Bdij (n =0)
Tn+1
Z{iz,i3 ..... in} Z{rl,tg,....rn+1} Bjj s

n X . Ty
X[ le=1 (BlHllf Bigig)ngr]l T, T—n

gy () =

3)

where i = iy,i2,i3, ... ,in,in+1 = j denotes the sequence of
the nodes visited by the blind ant and t; is the time spent at
node i,. The diagonal (off-diagonal) elements of B represent
the waiting (hopping) probabilities, and the quantity By, By,
represents the probability that the blind ant stays at node £ for
T time steps and then hops to a neighbor node ¢'.

Taking the limit ¢ — 0 and T — oo with ¢ = €7 fixed, the
occupation probability of a blind ant can be considered as a
function of continuous time #:

. t
jS(t)=llf(1)qj‘i<f= E) “4)
In Appendix A, we show that Q;;(¢) is well defined in this
limit.
In this continuous-time scheme, By,Bj, — €e

the n-hop occupation probability is given by Q;?)(t) =
d;j exp(—k;t) and forn > 1,

Q(/rll)(l‘) = Z /.dtn+1/1_[dtl Aizi+1iz
=1

{i2,13,.0sin}
n+l n+1

X exp (- Zk;m) 8 <Z ty — t> . (B
(=1 =1

The Laplace transform Q(")(s) = fooo dt Q;’;)(t)e‘“ is
given by 0%)(s) = 8;/(k; +s) for n = 0 and for n > 1:

Z nk,é—i—s

{i2,13,.0sin} €=

—ket and

11+1lz ) (6)

il

(n)
0w =1 = Y)
Here the term k;, /(k;, + s) is the Laplace transform of k;, e kit
which is the probability that the walker at node i, waits for ¢
and hops to any of its neighbor nodes during time interval dt =
€. The term A;,,,;,/ k¢ describes the probability of hopping
to a specific neighbor node iy,; under the condition that the
walker hops between ¢ and ¢ + dr.

The term [[,_, k;, /(k;, + s) in (6) depends on the degrees
of the nodes lying on the path connecting i and j. To proceed,
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we assume that the degrees k;,.k;,, ... ,k;, are independent
of one another. Then the degree distribution of the neighbor
node of a node of degree k is independent of k, i.e., P(k'|k) =
kP, " (k) , given the degree distribution P,(k) = N1 ZzN=1 8k k of
a node And for n > 1, we can use the central-limit theorem,

‘ k
‘- = — (1 Vn—1E&],
l_[ku +s 0P |:(n )< ng+s>link+0 " é:|
(=2
@)
where (log %)mk is the average of log% for the

degree of the node at one end of a randomly chosen link,
given by (log k"?)lmk = Zk k%k) log ﬁ, and o 1is its

standard deviation o = \/ ((log k"?)z)hnk — (log kk?)ﬁnk.
& can be considered as a random variable assigned to
each path {i»,...,i,}, and its distribution over different
paths is assumed to satisfy (£) =0 and (£2) =1 by the
central limit theorem. We are interested in the large-t
behavior of Qj;(t), which is related to the singular
behavior of O ji(s) for small s. The small-s singularity of
0 ji(s) arises from summing the infinitely many large-n
terms in Qj,-(s) Zn OQ(")(s) In Eq. (7), one can see
that the first term is dommant over the second one in
the right-hand side for n > 1. Expanding (log kk?hmk
for small s as (log 2 )ik = Y o) S Dink =
—s(k~ >1mk + (1/2)s% (k=) jink + O(s?), we can approximate
IT- T ‘fH in Eq. (7) by e sk

“Duk(=1_ Then the remaining

.....

equal to the occupatlon probablhty of a myopic ant pj;(n).
Summing those approximated Q(”)(s) s for all n > 1 and

using Q( )(s) = §;;/(kj + s5), we obtain

Qi(s) =~

kj—i-S

ki ° .
—_— —(=Ds Dok 1y ). (8
" (kj + s)(ki +5) ;e pji(n). (8)

Even though the first few terms with small » in the summation
should be corrected due to the fluctuation against the central
limit theorem, the singular behavior of the summation for
small s is due to the infinite sum of large-n terms and the
corrections of the small-n terms do not affect it. Also the
leading singular behavior of jS(s) for small s is expected to
come from the summation rather than the factor 1/(k; + s)
or ki /[(k; + s)(k; + s)], as the decaying behavior of p;;(n)
is slower than any exponential function in most networks
including the networks of finite spectral dimension d; where
pjin) ~ n~%/2 [5] and the random networks of d, — oo,
where p;;(n) ~ n~¢ exp(—an'/?) with & and £ constants [29].
Therefore we have

1
Qii(s) ~ —p,,( ~$ k) ©)

where we introduced the generating function pjj;(z) =
Y 2" pji(n). Taking the inverse Laplace transform of
Eq. (9), we find that the asymptotic behaviors of the occupation
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probabilities of two types of ants are related to each other by

(k)
Q;i(t) = k_pji((k>t),
J

(10
where we used (k™) = 1/(k). Equation (10) shows that
the occupation probabilities of a blind ant and a myopic ant
are identical in the long-time regime only if their time and
probabilities are rescaled by the mean connectivity (k) and the
degree k;.

In the limit + — oo, Eq. (10) is always satisfied. As
mentioned in Sec. I, the occupation probabilities of both ants
in the limit # — o0 are known to be given by Q ;;(t — o0) =
N~'and pji(t — 00) = k;/(2A), respectively [30], and thus
Eq. (10) holds.

The validity of Eq. (10) for ¢ finite but large depends
on the validity of Eq. (9) as an approximation of Eq. (6).
Approximating (log kLﬂ)“nk in Eq. (7) by —s (k™) ik to obtain
Eq. (8) and approximating 1/(k; + s) and 1/(k; + s) in Eq. (8)
by 1/k; and 1/ k;, respectively, to obtain Eq. (9) can be justified
for s small (s < 1). The resultant deviation between both sides
of Eq. (10) may thus be small for ¢ large (¢ > 1). On the other
hand, Eq. (7) itself and dropping the term o+/n — 1§ in Eq. (7)
to obtain Eq. (8) are justified when the degrees of adjacent
nodes are uncorrelated and n is large such that the central
limit theorem yielding (£) =0 and (£%) =1 is valid. The
latter assumption is related to the topology of the considered
network. (See Appendix B for the complete discussion.)

The leading behavior of Q ji(s) for large s comes from
Qg?(s) = §;j/(kj + ), and thus the short-time behavior of
Q;i(t) is given by Q (1) >~ 8ije’kf’, implying that the blind
walker is very likely to stay at the starting node for # small as
shown in Appendix A.

We check the validity of Eq. (10) by numerical results.
We simulate the random walks of the two kinds of ants on
the Barabasi-Albert (BA) model networks with its model
parameter m = 1 and the (2,2) flower networks in the seventh
generation [44,45], both of which are scale-free networks. In
1, it is shown that the occupation probability p;;(¢) of myopic
ants and the predicted one p;;(t) = % Qj,-((]’(—)) from Eq. (10)
by using Q ;;(¢) of blind ants are in good agreement for large
t. Deviation between the RTO probabilities p;;(¢) and p;;(¢) is
seen for small 7, which is partly due to the term §;; /(k; + )
dropped in Eq. (9), transformed to §; je’k"’ in the time domain,
and is larger for k; smaller. The time regime where p;;(t) and
pji(t) show a good agreement appears different in different
networks and for different pairs of selected nodes i and j even
in the same network. We define the relative deviation

pjit) — pji(r)
pji(t)

and measure it as a function of time for each case considered in
Fig. 1, which is shown in Fig. 2. We find that 7 ;;(¢) decreases
slowly with time without an identifiable characteristic time at
which the deviation is significantly reduced. The magnitude
and time dependence of n;;(¢) seem to vary with the network
topology and the two selected nodes i and j. Remarkably,
the relative deviation seems decreasing with time in a way
close to a power law ¢~! in some of the considered cases. In
Appendix B, we perform a detailed analysis of the correction

n;i(t) = Y
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FIG. 1. (Color online) Comparison of the occupation probability
pji(t) of myopic ants (lines) and the predicted one pj;;(t) =
%Qﬁ((,’(—)) (points) from that of blind ants Q;;(t) and Eq. (10) in
scale-free networks. (a) The RTO probability p;;(f) of myopic ants
and its prediction p;;(t) made from Q;;(¢) of blind ants in a BA
network withm = 1((k) = 2) and N = 3000. The spectral dimension
is d; = 4/3. The node i is the one selected randomly and has degree
k; = 137. (b) The RTO probabilities p;;(¢) and p;;(¢) in the same BA
networks as in (a) for a different node i with k; = 1. (c) The
occupation probability p;;(f) and the predicted one p;;(¢) in the
same BA network with two selected nodes i and j having degrees
ki = 137 and k; = 1, respectively. (d) p;;(t) and p;;(¢) in the same
BA networks with two selected nodes having degrees k; = 1 and
k; = 13, respectively. (¢) The RTO probabilities p;;(¢) and p;;(t) ina
(2,2) flower network in the seventh generation with N = 10924 and
(k) = 3. The spectral dimension is d; = 2 and the selected node i has
degree k; = 16. (f) The occupation probabilities p;;(¢) and p;;(¢) in
the same (2,2) flower network as in (e) for two selected nodes having
degrees k; = 16 and k; = 128.

terms arising from approximating Eq. (6) by Eq. (9) and show
that the obtained correction terms can yield the r~! decay of
n;i(¢) in uncorrelated networks of finite spectral dimension d.
It is related to the neglected next leading-order terms in s in
approximating Eq. (6) by Eq. (9).

III. LAPLACIAN SPECTRA

The asymptotic equality in Eq. (10) suggests a relationship
between the eigenvalues of the Laplacian matrices generating
the random walks of myopic and blind ants. The transition
matrices B and M in Eqs. (1) and (2) are represented in terms
of two different Laplacian matrices L and L,

Lij = kidij — Aij, Lij =8ij — — (12)

ki’

as B,’j = 8,']' — GLij and M,'j = Sij — Z,’j, respectively [36]
From Egs. (1), (2), and (4), one can see that the occupation
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FIG. 2. (Color online) Plots of the relative deviation 7;;(t) =
%&"m for each pair of selected nodes i and j, (a) i = j with
k; - 137, (b) i = j with k; =1, (¢) k; = 137 and k; = 1, and (d)
ki =1 and k; = 13 in the BA network and (e) i = j with k; = 16
and (f) k; = 1and k; = 128 inthe (2,2) flower networks as considered
in Fig. 1. The lines are guide for the eye, which have slope —1.

probabilities are represented as
Q;i(t) = (e )i, pjitn) = (I — L)) (13)

Note that we consider the random walk of blind ants in the
continuous-time limit as in Eq. (4).

Suppose that A, and p, (€ =1,2,...,N) are the rth
smallest eigenvalues of L and L, respectively. Note that A, =
wr=0as)  L;=0and ), Zij = 0. Then the occupation
probabilities Q j;(¢) and p;;(n) in Eq. (13) can be decomposed
into these eigenmodes decaying with time as e~ and e=*'
as

e
— —ht _Ji
Qi =<, [ +Ze (1)]

jl

~(r)
(k) (k) i
T, Ptk = 72, )[1+Z(1—u,><k !,?}

~(f)
= e [1+Z e ”] (14)
e 1

J

where e = (j|r)(rli) (&} = (jlr)(r|i}) is the multiplica-
tion of the jth and ith components of the right and left
eigenvector of L(L) associated with A (). The last line
of the equation holds as + — oo. Note that eil) N~! and
551 2’<1/X which leads to the agreement of the statlonary-
state probablhtles Q;i(t - o0) = e(l) = Nland & % pA,,(t —

2 =
]l

[ A3 , O j,(t) is represented as a function of tXi, since

) = ~! for r > A;". In the time regime A, <
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FIG. 3. (Color online) The relative deviation %’”k) of the

eigenvalues y, and A, of two Laplacian matrices L and L
in Eq. (12). The eigenvalues are obtained numerically for the
model networks having different spectral dimensions d; and the
degree exponent y: the (2,2) flower networks in the seventh
generation (N = 10924,(k) = 3,d, = 2,y = 3), the BA networks
withm = 1 (N = 16000, (k) =2,d, =4/3,y =3)andm =2 (N =
16000, (k) = 4,d; — oo,y = 3), and the Sierpinski gasket in the
eighth generation (N = 9843, (k) = 4,d, = 2log3/log5,y — o0).
The dashed line has slope 1.

Q;it) =N~

mately in this time regime, which implies that

(2)
1 +e‘*2’%]. Equation (10) holds approxi-
Erpiik)n)
5(12_)
1[1 + g—uz(k>tﬁ]

Ji

should be represented as %:pji((k)t) ~ N~

52 (2)
with (k)u, >~ X, and _{,’) >~ {f) Given those obtained rela-
tions of A,,ur and thelr asso<:1ated eigenvectors, we fur-
ther find for A 1 <rk )f that the appr0x1mate identify
of Q;i(1) = 1[1 +e‘“’e” +e M 4 and & Pk =

Jt !
(3)
N1 4 e—rathn ” s 4 etk (1’)] implies (k)u3 ~ A3 and
50) <3> €
-({) o~ e(,) Repeatmg this inductive reasoning, we find that
i

Ar = (k) pr 15)

(r) ~(r)
and o = _<1> for small eigenvalues. The relation A, >~ (k)u,

is bas]éd on the asymptotic equality of A,_; and (k)u,—;, and
therefore the deviation of both sides of Eq. (15) is expected to
accumulate with increasing r.

The relative deviation 22/} numerically obtained for
model networks is presented in Fig. 3. As u, decreases, the
deviation is shown to decrease, supporting the validity of
Eq. (15) for small y,. The relative deviation of the eigenvalues
appears to grow linearly with p for the BA network withm = 1
and the (2,2) flower network, which is related to the ! decay
of the relative deviation 7;;(f) in Fig. 2 and is discussed in
Appendix B.

The relative deviation appears depending on the network
topology. For instance, while the relative deviation becomes
less than 10~! for u < 0.25 in the (2,2) flower networks in
the seventh generation, it does around py, 2~ 0.03 in the BA
networks with m =1 as shown in Fig. 3. As the relative
deviation between p;;(¢) and pj;(¢) in Fig. 2 is related to
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the difference between u, and A, /{(k) via Eq. (14), the larger
relative deviation between pj;(t) and p;;(¢) in the BA network
can be attributed to the larger deviation of the eigenvalues
than in the flower networks. In the Sierpinski gasket, we
find the relative deviation is quite small over a wide range
of eigenvalues as all the nodes except for the three oldest ones
have the same degree.

We remark that in contrast to other networks, the BA
networks with m = 2 has the second smallest eigenvalue A,
not sufficiently small even for large N(= 16 000). With a large
value of A, for finite N, the random walk reaches the stationary
state with relatively small numbers of steps as the term e~/
decays fast in Eq. (14). It has been shown that A, approaches
0 in the thermodynamic limit N — oo as long as the smallest
degree is 1 or 2 [29].

IV. DISCUSSION

Given the heterogeneity of node connectivity characteristic
of real-world complex networks, it is highly necessary to
understand how the dynamical processes depend on the
specific way the node heterogeneity is incorporated into the
dynamics. In this work, we have found that the long-time
behaviors of the two types of random walks, those of blind
ants and myopic ants, in heterogeneous networks are identical
only if time and probability are rescaled by node connectivity
as in Eq. (10). This result for the long-time behaviors of
the occupation probabilities of blind and myopic ants allows
us to find that the small eigenvalues of the two Laplacian
matrices L and L governing the two kinds of random walks
are proportional to each other.

As an application, we can use the known features of the
random walk of myopic ants to understand the dynamical
processes driven by the Laplacian L of blind ants. The
Edwards-Wilkinson(EW) model [39,40] describes the load
balancing network as well as the fluctuating interface under
thermal noise. To be specific, the load variables {;} assigned
to the nodes evolve with time in the EW model by the following
Langevin equation:

(1) J
5 — ; Lijh; + & (1),

(16)

where & (¢) is a white noise applied to each node i satisfying
(&i(0E; (1) = 28(t — 1')3;;.

One of the most interesting features of the EW model
is the scaling behaviors of the load fluctuation at a node

wi(t) = [ ((hi(t) = R(®) ) with h(t) = N~V 3L, hi(r) and

()5, meaning the ensemble average. The square root of the

node-averaged load fluctuation w(r) = \/ N-1 ZlN: | (w; ())?
is called the roughness [39]. The occupation probability Q;;(z)
of a blind ant is the Green’s function of Eq. (16). For an initial
network with no loads, 4 ;(0) = 0 for all j, the height A;(z) is
represented as

=3 /0 0t — & a7
J
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Then, in the stationary state (+ — 00), the load fluctuation
w;(00) can be evaluated by using the occupation probability
of a myopic ant in Eq. (10) as

w;(00)? = /O [Qii(t) — Qii(00)]dt
1 o0
~ f () — puo)ldi. (18
i JO

We have recently found the crossover behaviors of the
RTO probability p;;(t) in scale-free networks with the degree
exponent y and the spectral dimension d, which are given by

"2 for 1<t < to(ky),
pii(t) ~ L kit=%2 for 1.(k) Kt L 1y, (19)
JW for >,

with the two time scales 7.(k;) ~ k. ~"/* andr, ~ N2/% [37].
In the early-time regime, an anomalous dimension d™® =

dX;—j characterizes the time decay of the RTO probability.
Using Eq. (19) in Eq. (18) we can obtain the scaling behaviors

of the load fluctuation,

NY4=1 @y dy <2,
wi(co) ~ 1 k¢ D)  2<d, <d., (20)
k'ooam 4y >d,,

where the parameters ¢ = (1 — 2/d;) (y — 1) andd. = 2(y —
1)/(y — 2) are introduced. It is noteworthy that the integral
is essentially determined by the long-time behavior of Q;;(¢)
in the case of d™® < 2 (d; < d,), and thus one can utilize
Eq. (10). On the other hand, if d™® > 2 (d; > d,), Q;i(t) in
the early-time regime makes a dominant contribution to the
integral, and we cannot use Eq. (10). Nevertheless, Eq. (20)
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FIG. 4. (Color online) (a, b) The load fluctuations w;(co)? on the
BA networks with m =1 and m =2 as a function of degree k;.
As shown in Eq. (20), it follows the power law with the predicted
exponents 0 and —1, respectively. The cross and open circle symbols
indicate the exact results using the Laplacian L and the corresponding
result using Eq. (10), respectively. Their relative deviation are shown
in (c) for the BA network with m = 1 and (d) with m = 2. Even
though the relative deviation seems to increase with k;, it remains
quite small in the entire range of ;.
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holds true since the integral converges to a finite constant
independent of N. By averaging over all nodes i, we obtain
the roughness w; = w(oo) in the stationary state

NHEL @) dy <2,
wy, ~ 1 k@A) 2<d <d, (1)
k! a1 d > d.,

where the node average is denoted by e = N=' )" e. This
shows that the EW model presents a roughened load distri-
bution in random networks with d, < 2. Also, the local load
fluctuation depends on the node degree if d; > 2. In Fig. 4,
we present the numerical results for the scaling behavior of
the load fluctuation in for the BA networks with m = 1(d; =
4/3) and m = 2(d; — 00), which are in good agreement
with Eq. (20).

The Kuramoto model for synchronization phenomena in
heterogeneous networks is also described in terms of the
Laplacian L in the strong-coupling limit. The similar analysis
to the one we applied for the EW model allows us to see that the
lower critical dimension of the Kuramoto model [43] is given
in terms of the spectral dimension of the underlying network
as d; = 4 [46].
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APPENDIX A: RANDOM WALK OF BLIND ANTS IN THE
CONTINUOUS-TIME LIMIT

In Eq. (1), we obtained the occupation probabil-
ity gji(r) in terms of the matrix Bj, = (1 —€k;)§;; +
€Aj,. With the Laplacian L in Eq. (12), one can
write B =1 —¢€L, where I denotes the N x N iden-
tity matrix. If e«1 and tv=1t/e with ¢ a fixed

J

ki

8ji
0i(s) = +

% § &* V= I/ 2 iink =

PHYSICAL REVIEW E 90, 052814 (2014)

constant, one can see that

t
qji <f = E) = (I —€L))j

— _ 12 2
=exp|—t|eL+ e’ L7+ ---
2 ji

= exp{—tL[1+ O(L)]};; (A1)

Therefore if we take the limit € — 0 and T — oo with t =
7 /€ fixed, the occupation probability in Eq. (A1) becomes a
function of ¢ defined as

Qi) = !i_IR)CIji <T = é) =exp(—tL)j;. (A2)
Equation (A1) suggests that Q ;; (¢) is well defined for all values
of t € (0,00) as long as €A, < 1 forall » = 1,2, ... ,N with
A, the eigenvalues of L. The condition is identical to € <
1/Ay given that A} =0 < Ay < A3--- < Ay. € should also
satisfy € < 1/kmax to prevent the transition probability B;;
from being negative. As Ay < 2kmax [47], one can choose €
so that € < 1/kmax. We remark that Q;;(7) in Eq. (A2) is
the formal solution of the following continuous time Markov
chain,

a0,
L _ X Ly (A3)

From Eq. (A2), one can see that for # so small as t < 1/k; =
I/Li,‘, jS(t) jad (Sij — lL,‘j = (Sij — tkiéij and therefore

Qji(t) ~ ™8, = 0T (1),
implying that the probability of a random walker to experience
one or more jumps for such small 7 is negligible. Note that the
Laplace transform of Q ;;(¢) in this time regime is given by
©)
= A4

05 = (Ad)

APPENDIX B: CORRECTION TERMS IN

APPROXIMATING EQ. (6) BY EQ. (9)
Inserting Eq. (7) in Eq. (6) and using 0 ji(s) =

Z,TO:O QS?(S), one obtains

Z e—S(n—l)<k">1ink+(1/2)sz(n—1)(k’2>1mk+0(é‘3ﬂ)
ki+s  (kj+s)k; +s) o

l)llnk§+0(Y2f§)l_[ l(+1lz B1)

l(

where we used the expansion for o appearing in Eq. (7) for small s as

= ((k_z)link - <k_l)121nk) 5% —

term e~ "= D& ik For p < 57!

’ lo k
) gk+s
link

>2
link

( ink — ik (k) ink ) 8° + O(s™). (B2)

In the sum over n in the right-hand side of Eq. (B1), the terms with n > s~

! make little contribution due to the exponential

and s small, other terms appearing in the exponents in Eq. (B1) are much less than 1. Utilizing

the expansion e¢* >~ 1 4 x for small x, we can find that Q ji(s) in Eq. (B1) can be approximated by Eq. (8) with the additional

052814-6



BLIND AND MYOPIC ANTS IN HETEROGENEOUS NETWORKS

correction terms as

kl = —(n—1)s{k™" )y H(m A(xi
G T 2 e+ RP6 + R, (B3)
J ! n=1

Q,l(S)Nk +S

where the leading correction terms are

(m) <k 2>]ink =1k
P — s(n link _
Rji (s) = E e

J n=1
i <k_2>11nk szi
k 2(k >lmk s

N T

Dji(s{

RO (s) =
J kj =
with
o0
piis) =Y e " pjitn+1). (BS)
n=0

A@ ) (s) arises from approximating the mean value (log 7 f_v Mink
by — (¢ hink and R(E)(s) originates in neglecting the term
o+/n — 1£€ in Eq. (7). While we assumed that s is small, as
we are concerned in the large-t regime, for approximating
(log T +s>l‘"k by ( Jink, the absence of correlation between
the degrees of adjacent nodes on the paths connecting nodes
i and j and the random distribution of the fluctuation & over
different paths are assumed to neglect o+/n — 1£. Therefore
IQ(E) (s) depends on the network topology. Notice that 5 ;;(s) in
Eq (BS)and pji(e™) = Zn _o€ " pji(n) satisfy the relation
pji(s) = e*(pji(e™ ) — §;;). Regarding the small-s singularity,
the factors 1/(k; + s) and 1/(k; + s) in front of the summation
in Eq. (B3) are transformed to e %’ and ¢%i*. Since we are
interested in the large-# behavior of Q;;(¢) that is expected
to decay with time slower than such an exponential decay,
we neglect those factors in the expressions for the correction
terms in Eq. (B4). Let us denote Eq. (8), equal to the first
and the second line of Eq. (B3), by Q* (s). Then Eq. (B3)
is represented as 0 ji(s) = Q% (s) + R(m)(s) + RE(s). 0%,(5)
can be represented in terms of the generatlng functlon

ﬁji(efs(k’l)link) — Z;.LO:O efsn<k’l>nnkpji(n) as
3i.i ki oSl
(k + s)(k; + S)

x [piie*” >““k) — 8]

8ij k e ik
= l —_
kj+s ki +s

k 6 ~ ink
+ e —
(kj +s)(ki +5)

" ink

ﬁji (675<k_]>]ink). (B6)

Using the expansion e** ik ~ 1 4 s(k~!) and ~

k-H
%(1 — ¢) for small s, we find that the leading singular

S e 0D g =T Y g, inﬁAmm
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1) Z 1_[ l(+llt

k" Yink)s (B4)

k:

. . 1
02yeeesin =1 ¢

[
behavior of Q’;i(s) is represented as

1

0%i(s) ~ p,,( Sy + RI(s) (B7)

with the correction term Iéﬁ’; ) (s) given by

l _ l)ﬁji (e—S(k’l)lmk)' (B8)

ji () kj ( Mink k; kj

Therefore O ji(s) is represented in terms of that of a myopic
ant p;;(s) as
s (k! lmk)

le(s) pjl( R(m)(s)_i_R(é)(s)_i_R(P)(s)

(B9)

with the correction terms given in Egs. (B4) and (BS8). Taking

the inverse Laplace transform of I@;’f)(s) and I?;f )(s), we obtain
that for ¢ large,

1 (k) 97 t
Ry~ — = ik &y (——— 1),
O w0 P

) . (B10)
1 ki~ +k;"\ 9 t
o=t (- A (]
! kj (kD | 01 (k=1 tink

These two correction terms are given in terms of the derivatives
of p;;(n). On the other hand, R(i)(t) is not simply represented
in terms of p;;(n) owing to the random variable £ in Eq. (B4).
If & is positive or negative randomly from path to path, the sum
- in Eq. (B4) will be reduced considerably compared
with that without &, and thus the contribution of Rﬁ)(t) will
be smaller than R(.r? )(t) or R(j’i’ )(t). However, the randomness
of & could be violated depending on the network topology,

and then Rﬁ) (1) would be considerable. The relative deviation
considered in Eq. (11) is contributed to by the correction terms

as ;1) = 0 (1) + (1) + 0 (1) with
(E) = (y;l) £ = , (.1?) ¢ _ _J ]
P = ,,(> miO=L ey O =
(B11)

052814-7



S. HWANG, D.-S. LEE, AND B. KAHNG

If p;i(¢) decays with time ¢ algebraically, p;;(¢) ~ t=% with @
a constant, which is the case for the RTO probability in the
network of finite spectral dimension [37], then one can find
that both ny?)(t) and '7(‘[; )(t) behave as

NP0~ )~ ! (B12)

from Eq. (B10). Therefore the scaling behavior 7n;;(¢) ~
t~! shown in Fig. 2 may originate in that of ni.rl.")(t) and
175’; )(t). Such slow decay of the relative deviation implies the
absence of a characteristic time scale at which the corrections
are significantly reduced, except for the time at which the
stationary state is achieved. In the stationary state, p;;(n)
becomes constant, given by k;/(2L), and thus the correction
terms in Eq. (B10) vanish, Wthh is obvious from the validity
of Eq. (10) in the t — oo limit.

To see why the relative deviation =& is proportional to u
as observed in Fig. 3, suppose that the ordered eigenvalues 1,
of L and X, of L are related to each other by

PHYSICAL REVIEW E 90, 052814 (2014)

u) and pk(k)zN‘IZLz 8(A, — ) are related to each

other by  p. (1) = (K)[pa((k)u) — %2 (k)A]. Note that
the spectral density functions are related to the
occupation probabilities by the Laplace transforma-

tion, p}z(t) = p/z(t — 00) + fd,U«pu(M)e mf}z(,u') with

(r)
f]z(ﬂ«) =N~ ,0//“(/1«)71 Zr Za(ﬂr - -(m and le(t) is

similarly represented in terms of ,ox()») with  f;;(}) =
N7 o0 N, 8,

that p;;(t) ~ t~? as above and fj,'(pL) does not exhibit a more
dominant singular behavior than p,(u) for p small, then
o) ~ w1 and p; (1) ~ A?~1. It has been shown that large
class of networks satisfy such properties [48]. Therefore the
deviation of the occupation probabilities

A) o - from Eq. (14). If we assume

. ap _ i
Bilt) = pii() ~ / DLEATH 00 B14)
can behave as 1! pj; (1) ~ 7%~ ! only when
A~ A2, (B15)

)

which means that the relative deviation -
Fig. 3.

o [ as seen in

_ M +A (B13)

I‘Lr - <k) r
with A, their deviation assumed to be small. Then
the spectral density functions p,(®) = N~ Zf;z S, —
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